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Abstract

The notion of moment differentiation is extended to the set of generalized multisums of
formal power series via an appropriate integral representation and accurate estimates of the
moment derivatives.

The main result is applied to characterize generalized multisummability of the formal
solution to a family of singularly perturbed moment differential equations in the complex
domain, broadening widely the range of singularly perturbed functional equations to be
considered in practice, such as singularly perturbed differential equations and singularly
perturbed fractional differential equations.

1 Introduction

The main aim of this work is to give a step forward in the theory of summability of formal
solutions to functional equations in the complex domain. More precisely, we deal with the
so-called moment (partial) differential equations, in which the operators known as moment
derivatives act on the unknown function.

The main advances in the present study are twofold: on the one hand, we provide an integral
representation of the moment derivatives of generalized sums of formal power series which can
be extended to an infinite sector satisfying some generalized exponential growth. In addition
to this, we describe the dependence of such moment derivatives with respect to three elements,
namely the moment sequence, the sequence involved in the asymptotic representation of the
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sum, and also the generalized exponential growth at infinity (Theorem . Consequently, a
novel definition of moment derivatives acting on generalized multisums of formal power series
makes sense, and induces many possible applications in the theory, as the following one. On
the other hand, we apply the previous result to achieve the main result of this research, namely
the multisummability of the formal solutions to certain family of singularly perturbed moment
differential equations (Theorem . More precisely, we prove that the formal solution to

{Eka(z)afn%zw(z,a) —w(z,€) = f(z,¢)

(1.1) A i |
87]n2,zw(07€) :%‘(5), J=0,...,p—1,

is multisummable along a certain appropriate multidirection (dy,ds) € R? with respect to the
perturbation parameter ¢ if and only if the forcing term f(z,¢) € C[[z,¢]] and the initial condi-
tions 1;(e) € C[[e]], for 0 < j < p — 1 are multisummable along the same multidirection. Here,
e stands for a small complex parameter, a(z) is a holomorphic function near the origin, ms is a
sequence of moments, and k,p are positive integers with k < p. The precise description of the
elements involved in the problem is given in Section

The study of moment differential equations is motivated by the versatility of the moment
derivative operator, whose definition was initially put forward by W. Balser and M. Yoshino
in [ for formal power series. Let m = (m(p))p,>0 be a sequence of positive real numbers.

Then, the moment derivative 0, . : C[[z]] — C[[2]] is defined by Oy, .(2") = %z”_l for
every positive integer p and 0y, (1) = 0, defining moment derivatives for elements in C[[z]] by
linearity. It is natural to extend the previous definition to a holomorphic function on some disc
at the origin by identifying the function with its Taylor series at z = 0. In addition to this, the
authors proved that one can extend the definition of moment differentiation to the generalized
sums in a direction of a formal power series, as the sum of the moment derivative of that formal
power series (see Corollary 1 and Definition 10, [I§]). In this work, we further extend it to the
generalized multisums of a formal power series (Corollary and Definition [£.2)).

The most suitable choice for m is to be a moment sequence of certain Laplace-like operator.
It is clear that the sequence mi = (p!)p>0 gives rise to the usual derivative when considering the
moment operator Oy, .. Apart from that choice for m, many other derivations which appear in
concrete applications can be represented as a moment derivative. For example, for every k > 0,
the sequence my /. = (I'(1+p/k))p>0 is associated with the Caputo fractional derivative 0" via

the relation (9, - f)(z/*) = 0 (f(2/*Y), valid for every f(z) € C[[2]] (see [21], Remark 3,

for further details). Recently, many applications of Caputo derivatives appear in the literature
such as [7, [12], also in the study of the asymptotic periodic solutions of evolution equations [26],
numerical studies, etc. Let ¢ € (0,1). The sequence my = ([plq!)p>0, with [p]!y = [1]4[2]4 - - [Plq
is known as the sequence of g—factorials, where [(], = Zf;é ¢’. Tt determines the moment
differentiation which coincides with the g—derivative D, . given by D, 2P = [p],2P~! for every
p € N. This moment differentiation is quite related to the dilation operator, appearing in
the study of g—difference equations which is of great interest in the scientific community with
interesting advances in the knowledge of the asymptotic behavior of the solutions of g—difference
equations (see [13] 20] among others, and the references therein).

It is also worth mentioning the increasing interest on the study of parametric Gevrey asymp-
totics of singularly perturbed problems in the complex domain, such as the seminal work [6] in
the domain, and [5] together with [2, 3] regarding the framework of ordinary differential equa-
tions, and also [3I], 5] in the study of partial differential equations. The strategy followed in
this work differs from that in [I5], where the authors make use of a fixed point argument and



cohomological techniques in the framework of M-summability. On the other hand, the approach
in [31] is closer and it is applied by means of a Borel transform relatively to the perturbation
parameter.

The interest of moment functional equations has increased in the last decade, and recent
achievements have been reached in this concern. A first step was given in the seminal work [4],
where the authors study the formal solutions and Gevrey estimates of their coefficients of linear
moment partial differential equations with constant coefficients. The development of a more
general theory through the construction of kernels for generalized summability by J. Sanz in [27]
allows to enlarge the class of moment sequences considered, in the framework of strongly regular
sequences. The sequence my;, above belongs to such a family for every k > 0, whereas m, does
not. The so-called 1+ level, appearing in the asymptotic study of difference equations is also
related to a strongly regular sequence [8], 9].

After the seminal work [4], the second author gave answer to the problem of analyticity
of such problems [2I], via splitting of the characteristic equation with respect to one of its
variables. We also refer to [22] for a further study in the homogeneous situation, while dropping
the condition of the convergence of the initial data. Further knowledge on the solutions to
moment partial differential equations with constant coefficients is given in [23] to study the
growth properties and summability of the formal solutions. It is also worth mentioning the
family of partial differential equations studied in [I4], where the coefficients of the equation
under study belong to certain functional spaces associated with functions whose derivatives are
uniformly bounded in terms of some strongly regular sequence.

The last advances in the theory of the asymptotic behavior of solutions to moment functional
equations have been obtained recently regarding the summability of certain families of moment
integro-differential equations [I7], and also Maillet-type theorems [16, 29]. We mention the
recent works by P. Remy in the study of partial differential equations [24] and integro-differential
equations [25] of a similar nature as those considered in these works.

Recent results on generalized multisummability of formal power series concerning different
(comparable and nonequivalent) levels associated with ultraholomorphic classes achieved in [10]
are applied in the present study to achieve asymptotic properties of the solutions to a singularly
perturbed moment differential equation. That concept of multisummability as long as previous
results achieved by the authors in [I8] have been the key points used to describe generalized
multisummability of the formal solution of the main equation . As mentioned above, novel
integral representations and accurate estimates of the moment derivatives of generalized sums
of formal power series are needed, arriving to the coherent definition of moment derivation of
the generalized multisum of a formal power series. More precisely, the first main result of the
present study, Theorem resorts to an appropriate deformation path which is split in order
to provide upper bounds for the moment derivative of a sectorial holomorphic function, quite
related to the multisummability process. As a consequence, Corollary and Definition
encompass the notion of moment derivation of the multisum of a formal power series along some
multidirection. As an application of these results, Section [5] characterizes multisummability of
the formal solution to in terms of that of the initial data and the forcing term (Theorem |5.1]).
The proof of this last result is based on the properties of formal Borel transform which transform
the problem into an auxiliary moment partial differential equation, which is easier to handle.

The paper is structured as follows. We fix notation in Section 2] followed by Section [3] where
we recall the definition and main results on strongly regular sequences, generalized summability
and multisummability of formal power series. In that section, some technical results needed in
the sequel are also proved. The first main result of the present work is Theorem where a
coherent definition of moment derivative of the generalized multisum of a formal power series is



provided. The second main result of the present work, Theorem describes an application of
the previous results in the framework of singularly perturbed moment differential equations.

2 Notation

By N we shall denote the set of all positive integers, i.e., {1,2,...} and Ny = N U {0}.

R stands for the Riemann surface of the logarithm.

For all » > 0 and 29 € C, D(z¢,r) stands for the open disc in the complex plane centered at
zo and with radius r. For any fixed § > 0 and d € R a subset of R defined as

Sa(0) = {ZER: |arg z — d| < g}
is an open infinite sector with vertex at the origin, bisecting direction d and opening . In cases
where the opening is not specified, we simply write Sy. For every r > 0, we write Sy(0;r) :=
Sq(0) N D(0,r). A sectorial region G4() is a subset of R such that there exists r > 0 for which
Ga(0) C Sq(0;r) and for any 0 < ' < 6 there exists 0 < 1’ < r such that Sy(0';r") C G4(6).

We put Sg(6;r) := Sg(#) U D(0,7). Analogously, we write Sy(f) (resp. Sg) whenever the
radius 7 > 0 (resp. the radius and the opening 7,6 > 0) can be omitted. We write S < S;(6)
if S is an infinite sector with vertex at the origin such that S C Sy(6), where the closure is
considered with respect to R. Similarly, for two sectorial regions G4(f) and Gy (0') we write
Ga(0) < G (0") whenever Gy4(6) C Gy () and relation < holds for the sectors appearing in the
definitions of both sectorial regions.

If (E,|-|g) is a complex Banach space, by O(U,E) we denote the set of all functions
holomorphic on the open set U C C with values from E. For E = C we simply write O(U). The
set of all formal power series in ¢ with coefficients in E is denoted by El[[z]].

3 Preliminary results and definitions

The purpose of this section is to recall the main facts on the theory of generalized summability
and also one of the equivalent notions of generalized multisummability of a formal power series
along certain multidirection, developed in [I0]. We first remind the main elements regarding the
theory of strongly regular sequences and related properties together with the theory of general-
ized summability, for the sake of completeness. These definitions and the detailed constructions
can be found in [28] and the references therein.

3.1 Strongly regular sequences
The concept of strongly regular sequences was put forward by V. Thilliez in [30)].

Definition 3.1. Let M = (M)),>0 be a sequence of positive real numbers with My =1. M is a
strongly reqular sequence if the following statements hold:

(lc) Mg < Mp_1Mpi1, p> 1 (M is logarithmically convex).
(mg) there exists A1 > 0 such that My, < AY™IM,M,, for all p,q > 0 (M is of moderate
growth).
. M
(snq) there exists Ay > 0 such that > - @i <
strong non-quasianalyticity condition).

AQ%, for all p > 0 (M satisfies the



The previous notion generalizes that of Gevrey sequences of order a > 0, (p!*)p>0, which
widely appear in the theory of summability of formal solutions to functional equations. In
association with a strongly regular sequence M, one can define the function

P
sup log () fort >0
p=>0 M,

(3.1) M(t) =

0 fort=0

It turns out that M is a non-decreasing and continuous function in [0, c0), with lim;_,o M(t) =
+00. We also consider the positive real number

log(M(r)) |\ "
log(r) ’
which determines the limit opening for a sector to admit nontrivial flat ultraholomorphic func-

tions defined on them. We refer to [11] for a deeper study in this direction.
Following [27, 28], B0], one has the next results.

Lemma 3.1 ((17), [27]). For every H > 0, there exist C, D > 0 such that for all p > 0 one has

wM) = <lim sup max {O,

r—00

/ tP~Lexp(—M (t/H))dt < CDPM,,.
0

Lemma 3.2. Let M be a strongly regular sequence, and let s > 1. There exists p(s) > 1 (only
depending on M and s) such that

exp(—M(1)) < exp(—sM(t/p(s))), ¢ 0.

Lemma 3.3. Let M = (Mp),>0 be a strongly reqular sequence. The sequence M® := (My)p>o
defines a strongly reqular sequence for every s > 0. Moreover, w(M?) = sw(M).

Lemma 3.4. Let M be a sequence satisfying (lc) property. Then
o (M;/p)pzo is nondecreasing.

o M,My, < Mpq for all p,q € Np.

3.2 Generalized summability

In this subsection, (E, [|-||z) stands for a complex Banach space.

The classical summability theory of formal power series related to Gevrey sequences (see for
example [I} [19]) has recently been adapted to the more general settings involving strongly regular
sequences (see [27, [28]). This notion leans on the approximation of holomorphic functions in
sectors of the complex plane by formal power series whenever the approximation is given in
terms of a given strongly regular sequence.

Definition 3.2. Let M = (M,,),>0 be a sequence of positive real numbers, and let G4(0) C R
be a sectorial region, for some # > 0 and d € R. A function f € O(G4(0),E) admits the formal
power series f(z) = > p>0 o2’ € E[[2]] as its M-asymptotic expansion in Gq4(0) if for every
0< 6 <6andr >0 with Sy(6';r) C Gy4(#) and all integer N > 1, there exist C, A > 0 with

N-1
F(2) =Y fp?|| < CAVMyl|Y,
p=0 E
for all z € Sy(¢';r).



Further details on the following result can be found in Section 3 [28].
Lemma 3.5. In the situation of the previous definition, there exist C‘,fl > 0 such that
I fpllz < CAPM,
for every p > 0.

The exponential growth in sectors of the complex plane is extended in terms of the function
M(-) as follows.

Definition 3.3. Let 6 > 0 and d € R, and suppose that M is a fixed sequence of positive real
numbers. We define the set O™(S4(0),E) as consisting of all functions f € O(Sy(6),E) such
that for every 0 < 6’ < 6 there exist constants C, K > 0 satisfying

(3.2) [f(2)|le < Cexp <M <|;<|>> for every z € Sy(0').

The construction of operators involved in the summability process leans on the existence of
kernel functions for generalized summability, related to a given strongly regular sequence.

Definition 3.4. Let M be a strongly regular sequence with w(M) < 2 and with function M(-)
defined as in (3.1)). Two complex functions e, E are strong kernel functions for M-summability
if the following properties hold:

e e € O(So(w(M)m)). There exists o > 0 such that for all bounded proper subsectors T of
So(w(Mrr)), there exists C > 0 with

(3.3) le(z)] < Cz|°, zeT.

Furthermore, e is a flat function in every infinite subsector of Sp(w(M)). More precisely,
for every € > 0 there exist C, K > 0 such that

(3.4) le(z)| < Cexp (—M (

[Eil

K>> for every z € So(w(M)r — ¢).

We also assume that e(x) € R for every real z > 0.

e /€ O(C) with generalized exponential growth at infinity
(3.5) |E(z)| < ¢exp (M (’Z‘)) for every z € C,

for some &k > 0. There also exists 3 > 0 such that for all 0 < 6 < 27 — w(M)r and
Mg > 0, there exists ¢ > 0 with

(3.6) |E(z)| < —=, ze€8:(0)\ D0, Mg).

o Functions e and E are connected by the moment function associated with e defined by
o0
(3.7) me(z) == / t*Le(t)dt.
0

me is a holomorphic function on {z € C : Re(z) > 0}, continuous up to its boundary.

Indeed, E is determined from e via the sequence of moments associated with e, (m.(p))p>0,
by

(3.8) Ex)=Y —2—, zeC

o me(p)’



Lemma 3.6 (Proposition 5.7, [27]). Given a kernel function e for M-summability, associated
with some strongly reqular sequence M, the sequence of moments (me(p))p>0 and M are equiva-
lent, i.e., there exist C, D,C, D > 0 such that

CDPme(p) < M, < CDPm.(p),  p>0.

As a matter of fact, the classical kernels for summability involved in the Gevrey theory
satisfy weaker properties (see [I]). These more restrictive conditions are justified (see Section
4.2, [10]) regarding their applicability and adaptability to practical situations. Indeed, given a
strongly regular sequence, the existence of a pair of kernels for M-summability is guaranteed
whenever M admits a nonzero proximate order. We refer to Section 2.3 [10] for a brief review
on sequences admitting a nonzero proximate order. This property will turn into an assumption
for every strongly regular sequence under consideration hereinafter.

The classical formal Borel transform can also be adapted to this framework.

Definition 3.5. Let (m.(p))p>0 be a sequence of moments. Then the formal m.-Borel moment
transform By, .: E[[z]] — E[[2]] is given by

A U
B, t g up2? :E D__.p.

p>0 550 Me(P)

An M-analog of Laplace transform is also available (see Section 6, [28]).

Proposition 3.1. Let d € R. Given a strongly regular sequence M which admits a monzero
proximate order, and a pair of kernel functions for M-summability associated, say e and E, we
define for every f € OM(S4,E) the e-Laplace transform of f along direction T € arg(Sy) by

() "
(Torf)(2) = /0 (/) f () 22,

u
for all |arg(z) — 7| < w(M)w/2, and small enough |z|. The variation of T among the arguments
of Sq determines a holomorphic function, denoted T¢ qf , defined in a sectorial region of bisecting
direction d and opening larger than w(M)r.

As a matter of fact, there exists a generalization to the classical Borel-Laplace procedure for
the effective summation of a given formal power series.

Definition 3.6. Let M be a strongly regular sequence which admits a nonzero proximate order
and let m. denote a sequence of moments associated with M. The series @ € E[[2]] is M-
summable along direction d € R if By, .(i1(2)) is a series with a positive radius of convergence,
and the analytic function defining such series, say u(z), can be extended to an infinite sector of
bisecting direction d, say Sg, with u(z) € O™(Sy, E).

Proposition 3.2. In the situation of the previous definition, the function v(z) = (T¢ qu)(z) is
holomorphic on a bounded sector of bisecting direction d and opening larger than w(M)m.

Deﬁnition does not depend on the kernel functions for M-summability (and therefore on
the moment sequence) considered. In addition to this, the procedure described there provides us
with the only function (due to Watson’s Lemma, see Corollary 3.16, [11]) admitting the initial
formal power series as its M-asymptotic expansion in a wide enough sector of bisecting direction
d, known as the M-sum of the formal power series along direction d.



Definition 3.7. The function v in Proposition [3.2] is known as the M-sum of @ along direction
d € R, and is denoted by Sy (). The set of formal power series with coefficients in E which
are M-summable along direction d is denoted by E{z} 4.

Lemma 3.7. Let f(z) be a formal power series, and let k € Ng. We define the formal power
series §(z) == 2 f(2).

Let M be a strongly reqular sequence admitting a nonzero proximate order. Let d € R. Then,
the following statements are equivalent:

o The formal power series f is Ml-summable in the direction d.

o The formal power series § is M-summable in the direction d.

If one of the previous equivalent statements holds, then
(3.9) Swa(9) = 2" Sua(f)-

Proof. 1t is straightforward that f being M-summable in the direction d yields § being M-
summable in the same direction, as the set of Ml summable functions in a direction is an algebra.
The second part of the equivalence can be proved following an analogous argument as that for
Exercise 3, Section 4.5, in [I]. More precisely, an iterative argument allows us to assume that
k=1. Let g(z) = >_,5; gp2”. Then, there exists a bounded sector with bisecting direction d
and opening larger than w(M)m such that for any subsector T" there exist C, A > 0 with

n—1

Sura(@)(z) = > gpa¥|| < CA™My|2[",
p=1

valid for every z € T and n > 2. Therefore, one has that

n—2
2 Sua(9)(2) = Y gpi12P|| < CAM, |2 < CAAI My (AAY)" ' M,y 4|2,
p=0

regarding property (mg) of Ml. Observe that f (2) = ZPZO gp+127, which concludes the proof. [

3.3 Generalized multisummability

As in the classical theory, the procedure of Borel-Laplace summation does not succeed when
dealing with the formal solutions to some functional equations. As a matter of fact, a more
general approach called multisummability is needed in the study of formal solutions to ordi-
nary differential equations. A generalized theory of multisummability can be considered in this
framework from different points of view.

The theory of generalized multisummability deals with summability processes with respect
to sequences obtained by algebraic actions on the initial strongly regular sequences handled.
More precisely, given two sequences of positive real numbers M = (M),),>0 and L = (L;)p>0,
we denote M/LL := (M,/L,)p>0. The comparison of sequences and their properties is studied
in Sections 3.1 and 3.2 [I0] in a more general framework. In the present work, we focus on the
case where both Ml and L are powers of some strongly regular sequence admitting a nonzero
proximate order, the sequence of quotients being a positive power of the initial sequence, which
turns out to be a strongly regular sequence (see Lemma admitting a nonzero proximate
order (see Remark 4.8 (i), [27]).

The iterated procedure approach to multisummability in the more general context of strongly
regular sequences reads as follows.



Definition 3.8 (Definition 4.22, [10]). Let M, where j = 1,2, be two strongly regular sequences
admitting nonzero proximate orders. We assume that w(M;) < w(Mz) < 2. For j = 1,2, we
consider a strong kernel e; of Mj;-summability and its associated sequence of moments m;.

The formal power series f = > ~qap2P € E[[2]] is (M, Ms)-summable in the multidirection
(dl,dQ) € R2 with |d1 - d2| < F(W(MQ) — w(Ml))/Q if:

(i) § = Bm,.-(f(2)) is My/M;-summable along direction dy. Let g denote such My /M;-sum.

(ii) g admits analytic continuation g; in an infinite sector Sy, of bisecting direction d; with
g1 € oM (Sdl,E).

The (M, My)-sum of f in the multidirection (d1,d2) is given by T¢, 4,91, which determines a
holomorphic function on a bounded sector of bisecting direction d and opening slightly larger
than w(M;)7 (see Proposition . We denote the (Mj, Ms)-sum of f in the multidirection
(d1,d2) by S(MLMQ),(deQ)(fA), and E{2} i, My),(d;,dz) Stands for the set of all formal power series

f(2) € E[[z]] which are (M, Ms)-multisummable along the multidirection (dy, dy).

It is worth remarking that M-summability along a direction is stated in [I0] in terms of
weight sequences satisfying less restrictive conditions than strongly regular sequences. However,
any weight sequence admitting a nonzero proximate order is indeed a strongly regular sequence.
According to Theorem 4.23 [10], we recall that the previous construction does not depend on the
kernels for M;-summability considered in the process, j = 1,2. Indeed, an equivalent definition
of multisummability is the following.

Proposition 3.3 (Definition 4.1, [I0]). In the situation of Definition [3.8, the formal power
series f is (My, Mly)-summable in the multidirection (di, dg) if there exist a formal power series
f1 which is My -summable in di and a formal power series f2 which is My-summable in dy such
that f = fi + fo. Moreover, the (M, My)-sum of f in the multidirection (d1,ds2) is given by

SMl,dl (fl) + 8M27d2 (fQ)

The splitting of f into a sum in Propositionis essentially unique (see Proposition 4.2, [10]).
This equivalent definition of multisummability allows to give a direct proof of the following result.

Lemma 3.8. Let f(z) be a formal power series, and let k € Ng. We define the formal power
series §(z) := 2 f(2).

Let M, where j = 1,2, be two strongly reqular sequences admitting nonzero proximate orders.
We assume that w(M;) < w(My) < 2. We choose (di,ds) € R? with |dy — da| < 7(w(My) —
w(My))/2. Then, the following statements are equivalent:

e The formal power series f is (My, My)-summable in the multidirection (dy, ds).
e The formal power series g is (My, My)-summable in the multidirection (dy,d2).

If one of the previous equivalent statements hold, then one has that

(3.10) St M) (dr.d2) () = 2" Sty M) (d o) (F)-

Proof. If f is (M, My )-summable in the multidirection (dl,dg) then f = fi + fo, with f; being
M;-summable in d; and f2 being Ms-summable in do. Then, z f1 is Ml;-summable in d; and z* f2
is My-summable in dy. Then, § = zkf = Zkfl +zkf2, which entails that g is (M, My)-summable
in the multidirection (di, d2).
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On the other hand, if § is (M, My)-summable in the multidirection (di, d2), then § = g1 + go,
with g1 being M;-summable in d; and g2 being Ms-summable in ds. As the sphttlng is essentlally
unique, and §(z) := 2zFh(z), one can choose a splitting in which g = 2 h], for j = 1,2.
Lemma guarantees that the formal power series g; is Mj-summable along direction d; iff h
is M summable along direction d;. Then, f can be written in the form f = hi + hg, where h
is Mj-summable along direction d;, for j = 1,2, leading to multisummability of f .

Regarding the construction of the sums above, one also arrives at .

4 On moment differentiation

In this section, we focus our attention on the concept of a moment derivative and recall some
properties associated with this notion. We also state some new results to be applied in the work.

The notion of a generalized derivative operator allows to consider functional problems under
greater generality. More precisely, we deal with the following formal operator.

Definition 4.1. Let (E, ||-||z) be a complex Banach space. For any fixed sequence of moments
(me(p))p>0 we define the m-differential operator Op,, ;: E[[t]] — E[[t]] by the formula:

ap p| . ap+1 P
Ome Zim (p)z : Zme(p)z'

p>0 ¢ p>0

Usual derivatives are recovered when considering the moment sequence (p!),>p, which is
associated with the kernel function e(z) = zexp(—z). In addition to this, moment derivatives
can be read in terms of Caputo a-fractional derivatives 0% as follows. Let a be a positive rational
number. The moment sequence mq = (I'(1 4+ ap))p>0 is associated with the kernel function
e(z) = ézé exp(—zé) and the fractional derivative of order « is defined on formal power series
in z% by

a ap+1
o> p ap | — P+ ap.
z ZI‘(I—i—ap)Z ZF(1+ap)Z

=0 p=0

Therefore, one has

(0o f)(2%) = 02(f(2)),

for every f e E[[z]].
We may also observe that g—derivatives defined by

flgz) — f(z
Dysf(z) = (92) = f(2)
qz — 2
for some fixed ¢ € (0,1) can be interpreted in terms of the moment derivatives associated with
. 1
the moment sequence ([p]q!)p>0, with [p|,! = [1]4[2]4 - - [plq and [j]4 Z?l 0d"

We also have the following result.

Lemma 4.1 (Lemma 3, [I8]). Let mj = (m;(p))p>0 for j = 1,2 be two sequences of moments.
Then,

- The sequence mimy = (m1(p)m2(p))p>0 is a sequence of moments.

- Binyz © Omye = Omyma.z © By 2 as operators defined in E[[z]].
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Moment differentiation can be naturally extended to holomorphic functions on some neigh-
borhood of the origin by identifying the function with its Taylor series at the origin. However,
this formal differentiation does not preserve convergence unless some regularity property is as-
sumed for the sequence of moments. However, if one departs from a strongly regular sequence
M which admits a nonzero proximate order, and considers a pair of kernel functions associated
with it and then constructs the corresponding sequence of moments m, then it holds that M and
m generate the same ultraholomorphic space of functions (i.e., they are equivalent sequences)
and m is indeed a strongly regular sequence (see Remark 3.8, [I4]). In [18], the definition of
moment differentiation was also extended to the generalized sum along a direction of a formal
power series as the generalized sum along that same direction of the formal moment derivative
of the initial formal power series. For that purpose, the moment derivative was also provided
for any function defined on some neighborhood of the origin with holomorphic extension to
an infinite sector and with certain generalized exponential growth at infinity (as described in
Definition [3.3). Indeed, the first part of Theorem 3 [I8] reads as follows.

Theorem 4.1. Let me = (me(p))p>0 be a sequence of moments. We also fix d,0,r € R with
0,r >0 and ¢ € O(S4(0;7),E). Then, there exists 0 < 7 < r such that for all 0 < 6y < 0, all
z € Sq(01;7) and all n € Ny, one has that

—~

oo(T)
w) /0 e B=6) " g,

1
(11) 0 0(2) = 55 § .

T 2w
with ™ = 7(w) € (— arg(w)—w(L;)ﬂ, — arg(w)—i—w(n;ie)”). The integration path T, is a deformation
of the circle {|w| = r1}, for any choice of 0 < r1 < r, which depends on z. More precisely, such
deformation consists of substituting some arc of the circle contained in Sy(0;r) by a simple path
which attains an adequate sufficient distance to the origin while it remains inside Sq(0).

At this point, we give a step forward in order to define the moment derivatives on func-
tions defined on some sectorial region, and which can be extended under certain generalized
exponential growth to infinity.

Theorem 4.2. Let m. = (m¢(p))p>0 be a sequence of moments, and M = (M,)p>0 be a strongly
reqular sequence admitting a nonzero proximate order. Let dy,dy € R satisfying |dy — da| <
a% for some a > 0. We choose & € E{z}ma g, and write u = Sy 4,(2) € O(G,E), for some
sectorial region G = Gq,(0) with § > amw(M), as seen in Figure [l Assume moreover that u
can be extended (the extension is also denoted by u) to an infinite sector of bisecting direction

di, with u € OMb(S’dl,]E). Then, the following statements hold:

(a) There exists > 0 such that for every S' < Sy, and G' < GND(0,7) and all z € S := S'UG

and n € Ny
n 1 o) n e(wf)
Oon() = s § i) [ B e
where T = 7(w) € (—arg(w) — %, —arg(w) + w("ge)ﬂ). The path A, depends on z.

(b) There ezist Cy,C5,Cs > 0 such that
(4.2) O, u(2)|le < CaCEme(n) My exp (Mb(06|z|)) for alln € Ng and z € S,

where MP(t) is the function defined in ([3.1)), corresponding to the strongly reqular sequence
MP.
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Figure 1: Example of configuration of the sets Sy, and G

Proof. The proof of the previous result is based on that of Theorem 3 and Proposition 2, [18§].
We provide a complete proof for the sake of completeness and focus on distinctive points with

respect to the results in that previous work.
Let S < Sg, and G” < G. Let r; > 0 and 6 > 6 > 0 such that Sy4,(0;2r1) C G and

S"UG" C S4,(0"). We take 7 := %, where k is given in , K is defined in , and
p(+) is as in Lemmam Let ¢/ :== G" N D(0,7) and S := S’ UG'. Choose z € S. The path
A, is constructed as follows. Let r1€1,71€® be the points in {z € C : |z| = r1} N Sy and let
P = 7’16101,@ = 7’16192 be the points in {z € C: |z] =r;} NS". We assume 6; < 0, < 0y < 5.
We define Ay := [0,71]e i(d2— 9/2), A5 is the arc of the circle of radius r; from riei(@2=0/2) 4
r1ei1701)/2 We also put Az := [rlei(01+él)/2, Rei(01+él)/2], with R = R(z) > 0 to be determined.
A4 is the arc of circle from Rei®1701)/2 o Rei(02+02)/2 A, = [Tlei(92+9~2)/2,Re"(92+0~2)/2], Ag is
the arc of the circle of radius r; from rlei(eﬁé?)/z to 7@ +0/2) and Ay := [0,71]€(%10/2) We
finally define the integration path

A=A+ A+ A3+ Ay — As+ Ag — A,

see Figure In case that |z| < 7 = K%%é), where k is given in , K is defined in ( ,
and p(+) is as in Lemma then one can choose P = Q and remove Ag, Ay and As from the

concatenation. Otherwise, R := T’ z|.
For the first part of the proof, we observe from (35) in [2§8] that

X ey ews) 1
E(z€) d§ = ;
R
for every pair of complex numbers (z,w) in which both sides of the previous expression are
defined. Hence, if u € O(G U Sy, ) then one may replace the contour I', in (4.1)) by A..
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Figure 2: Integration path A,

We now provide the estimates in (4.2). We first observe (see (17) in [18]) that

oo(T)
/ s"E<zf)e(°’f) dt
0

(4.3) < AoByme(n), n >0,

W

valid for all z € C with |z] <7 and 7 € (— arg(w) — “)(";76)”, —arg(w) + w(L;)W» for w € C with
|w| = 1. This entails there exist Ay1, Bi1 > 0 such that

1 =0 L efwt)
o | ) | e

27 w

< < sup HU(W)H> A1 Biyme(n),
E (6;2r1)

|w|:T1 ,UJESdQ

for j = 2,6, valid for every n € Nyg. We recall that in this case Ag, Ay and A5 do not appear
in the integration path. It only remains to give upper bounds regarding the paths A; and Az,
which are postponed.

If |z| > 7, for every w € Ay U Ag one can choose 7 with

This entails (see (22)—(26) in the proof of Theorem 3 [I§]) the existence of Aj2, Bia2 > 0 with

1 X e EWE)
/Aj u(w)/o E"E(z) ¢ dédw

21 w

< ( sup [Ju(w) ||> A12Biyme(n),
(6;2r1)

|w|=7r1,wES 4y

E

for j = 2,6, and all n € Ny. The previous expression can be bounded from above by

A12Byme(n) exp(M°(Ciz|2|))

)
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for some C'12 > 0 taking into account the growth at infinity determined by v and the choice of
the integration paths. On the other hand, parametrizing the integration path Az and analogous
estimates as in the previous expression yield

1 0 e(wé)
/A3 u(w)/o E"E(zE) ¢ dédw

< A13Biyme(n) exp(MP(Chs)z]),
E

21 w

for some A3, B13,C13 > 0 (see (28) in [I§]). These same upper bounds hold for the integration
along A5. Again, the parametrization of A4 and usual estimates yield

L 0 ey €8
//\4 u(w)/o E"E(zE) ¢ dédw

5 < AuBiyme(n) exp(M°(C1alz))),
m w

E

for some A4, B14,C14 > 0 (see (31) in [I§]).
At this point, it only remains to provide upper bounds for

1 oo(r) e(wg)
/Aj u(w)/o E"E(zE) dédw

2ri wé

(4.4)

E

for j = 1,7 for all z € S. Let n € Ng. We write (z) = >_p>0 upzP and define

1 n—1
v(z) = o u(z) — Zoupzp
p:

Lemma 4.2. The function v belongs to (’)Mb(Sdl,E). In addition to this, for every S’ < Sg,
there exist C, B, A > 0, which do not depend on n, such that
|z

lo(2)llg < CA" M exp (Mb (B)) ,

forall z € S'.

Proof. Tt is clear that v € O™’ (S, ,E). We have that for all $' < Sy, one has that holds
for some C, K > 0.

Bearing in mind that uw admits @ as its asymptotic expansion, there exist Kl,él,fh >0
such that

(4.5) lo(2)lg < C1AT My,

for all z € S" with |z| < K3, provided that the opening of Sy, is small enough. On the other
hand, for every z € S’ with |z| > K; and all 0 < p < n —1, one can apply Lemma and usual
estimates to arrive at 1
p— = ~p = it
Hupzp ”HE < ﬁClAlMg < CAG M.
Also,

[u(z)|l 1
(4.6) MnESR?CwMMWMNQ)

for all z € S’ with |z| > K;. The result follows from here. O
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Observe that for every n € Ny one has that

(4.7) O, »u(2) = O, 2 Zupzp = O, -(2"0(2))-

In view of @ one may substitute the study of upper estimates of (4.4 by those of

oo(T)
(4.8) I; = y/[\'v(w)/o "W E(2) (f)dﬁd

21

E

We provide upper bounds for (4.8)) for j = 1, which remain valid for the case j = 7.
In view of Lemma one derives

(4.9) yw@mEgégwMgmp(Mbcg>>gCAWp<Mh<E>)Amm;

By Proposition 2, [I8] there exists ¢ > 0, such that the estimation holds for z €
S N D(0,¢). Hence, we may assume that |z| > e. Let Mg be a positive constant given in
Definition [3.4

We split the path of integration in the inner integral in into the segment [0, e Mg /|z|]
and the ray [e"" Mg/|z|,00(7)], and we interchange the order of integration in (4.8)). Next, we

observe that arg(w) = dy — 6/2 and arg(§) = 7 € (—arg(w) — m(me) —arg(w) + WTW) Hence
ME/\zI = dwd
Mm)h<st(m%/ zw\/'”nkwﬁnws
wEA w s

° ; dw ds 1
[T s [ sreiewse IS ) =i 5 sup low)la(n + o)
0

Mg/|z|

for 6 := dy — 0/2 4+ 1 € (—mw(me)/2, 7w(me)/2).
Observe that

r1 7 dw sr1 7
(4.11) / s"w"|e(wse”)|— < / t" He(te?)|dt.
0 w 0

If s < Mg/|z| then using (3.3)) we continue the estimation (4.11}) by

18 1 .5 1 C,r,nJra L
(4.12) t"e(te)|dt < C t" todt < —L "t < Oy ARt
0 n+« 2
for some C’g,flg >0 and a > 0.
By (12) we get
Mg/e _ .
(413) 111 S | |Sup |E(C)|/ 02A38n+a_1d8 S CgAg,
CI<MEg 0

for some C’g, flg > 0.
On the opposite case s > Mpg/|z|, using Lemma and Lemma and (3.4]) we estimate

@11 by

18 A ~ o~
(4.14) '/t"%W%WSQMmmL
0
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for some constants 6’4, 1214 > 0.

Since ¢ < 0 and arg(z) € (d2 — 6'/2,ds + 6¢'/2), there exists § > 0 such that for every
z € S there exists 7 € (—da + 0/2 — mw(m,) /2, d2 + 9/2 + Ww(me)/Q) satisfying arg(z) + 7 ¢
(—mw(me)/2 — 0, Tw(me)/2 + ). Hence, using and ( we estimate

) CQ > 1
(4.15) s < Gy jme(n) 2 /Me/| s < Codgm.(o),

for some C~'5, As >0and 8> 0.

Taking into account (4.9)), (4.10]), (4.13) and (4.15]), upper estimates as above yield

I < CsCPme(n) M2 exp (Mb(ég\zD) ,

forsomeé'j>0,6§j§8.
This concludes the proof of (4.2)). O

In the last part of this section, we describe compatibility conditions regarding asymptotic
expansions and moment derivation, which allows to provide a differential structure to the set of
multisummable formal power series.

Lemma 4.3. In the situation of Theorem[§.9, one has that O, .u(z) is the M®-sum of O, . 1(z)
n G.

Proof. Observe that En,, (2§) =) _,5 % Therefore, for every p > 0 one has
¢p
me(0)

11m b Em. (28) =

Analogously,
. p!
p — p
lim 57 By, (2€) - (p)f ,
which yields

me(p)
1 or = ——_lim O’E
1m Me,2 me<z£) (0)p| Z% me(zé.)
In view of ( , this means that given u which admits @(z) = > -,un2" as its asymptotic
expansion at the origin in G, then

. » _ me(p) »
i Ome2(2) = D im0 ulz)
_ me(p) apA( )| 0= me(p)

me(0)p! 2z

me(p)

me(O) Up-

_ Me\P)
= me(O)p!p Up

On the other hand,

A Un+pme(n+p) n
o Li(z) =) ———F72",
. EZZO ()
which entails that )
. Me(p
O, L0(2) |,—g = up— -
e 0 D 6(0)

We conclude that
lim  oF u(z) =0, u(z)],—-

z—0,z€eG

This is an equivalent condition for O, ,u(z) to admit Oy, .4(z) as its asymptotic expansion in
G. O
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Corollary 4.3. Let me = (mc(p))p>0 be a sequence of moments, and let M be a strongly regular
sequence which admits a nonzero proximate order. We also choose positive numbers a,b such
that w(M) < 2/(a+b). Given any multidirection (d1,ds) € R? such that |dy — da| < aw(l\éﬂ)ﬂ, the
space E{z}(Mb,Ma%)’(dth) 15 closed under me-differentiation.

Proof. In view of Lemma we have that MP is a strongly regular sequence which admits a
nonzero proximate order (see Remark 4.8 (i), [27]). This guarantees the existence of a moment
sequence m = (me(p))p>0 associated with some kernel function €’ for M’-summability.

Let 4 € E{z} M Ma+b),(dy ,dp)- 16 holds that B _» U is M-summable in direction da. Equlva—
lently, there ex1sts U € O(G,E), for some sectorial region G of bisecting direction dy and openin
larger than arw(M) such that U admits Bmebu as its M*-asymptotic expansion in G. Lemma
guarantees that 8me-m€b,zU(Z) is the M%sum of 8me~meb,z'(l§mebﬁ) in G.

We recall from Lemma (1] that

~

ame-memz(gmebﬂ) = Bmeb (Om,z0(2)) -

This entails that the formal power series By, , (O, 20(2)) is M®-summable along direction ds.
Moreover, its sum can be extended to an infinite sector Sq, of bisecting direction d;, which
belongs to OMb(Sdl,E) due to the fact that assumptions in Theorem hold, and regarding
. This allows to conclude that O, 4(2) € E{2}np po+v) (d; ds)- O

As a consequence, a definition of moment derivative for multisums of formal power series
can be stated.

Definition 4.2. Let m. = (me(p))p>0 be a sequence of moments, and let M be a strongly

regular sequence which admits a nonzero proximate order. We also choose positive numbers a, b
such that w(M) < 2/(a+b). Given any multidirection (dy, dy) € R? such that |dj —ds| < a%.
For every f € E{z}np mato) (4,,4,) We define

N

Onme,= (S p1a+0) (dr o) (F)) = S paa+0) (ds o) (Ome 2 f)-

We conclude with some properties of multisummable series which will appear in the next
section.

Lemma 4.4. Let E be the Banach space of holomorphic functions on some monempty closed
neighborhood of the origin, D, endowed with the supremum norm. Let M for j = 1,2 be two
strongly regular sequences admitting nonzero prozimate orders, with w(M;) < w(Msg) < 2. Let
(d1,ds2) € R? such that |dy — do| < w(w(Mz) —w(M;)). We also consider a moment sequence m
and a(z) € O(D).

For every f(t,z) € E[[t]] with f € E{t} v M), (dr,do)s On€ has:

. a(z)f(t, z) € E{t}(MLMQ),(dl’dQ)'

® 8m72f € E’{t}(M17M2)7(d17d2), where E' is the Banach space of holomorphic functions on

some D' C D endowed with the supremum norm.

Proof. We write Ml; := (M, p,)p>0 for j = 1,2. Regarding Proposition one can write f = fl—i—
f2, with f; being Mj-summable along direction dj, j = 1,2. We write f;(t,2) = >_ 5q a;p(2)tF €
E[[t]] for j = 1,2. We observe that

a(2)f(t, 2) = a(2) f1(t, 2) + al(2) fa(t, 2).
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For j = 1,2, there exists a sectorial region G; of bisecting direction d; and opening larger than
w(Mj)7, a holomorphic function f; € O(G x D), and positive constants C, A such that for all
t € G’ < G and all n € N one has

(4.16) fit, 2) — Zaw || < CA™M; |t
E

for all (t,z) € G’ x D. Therefore, the series a(z)f;(t, z) € E[[t]] is such that

1

a(2)fi(t,z) = ) _a(z)ajp(2)t")| <C (supla(Z)|> A" M;n|t]",

P E zeD

3
|

I
=)

for all (t,z) € G’ x D. This entails that af; is the Mj-sum of afj along direction d;. This
concludes that a(z)f(t, 2) € E{t} o, M), (dr,do) ag2IN in view of Proposition

For the second part of the proof, it only remains to check that for all j = 1,2 the formal
power series 9y, . f;(t,z) € E'[[t] is Mj-summable along direction d;, for j = 1,2. We first
observe that the coefficients of 0, . fj (t,z) as a formal power series in ¢ are holomorphic and

bounded functions on some common neighborhood of the origin D’, due to the properties of m.
Let

gn(t,z) =t7" | f5(t,2) Z%p

and define E” as the Banach space of holomorphic and bounded functions in G’ with the sup.
norm. We observe from (4.16)), which is valid for all z € D’, that

| fi(t, 2) Zam P < CA" M,

]E/
for all n € N. We have obtained that
(4.17) lgn(t, 2) gy < CA™Mjp.
We write
n—1 n—1
7" | Om,2 fi(t, 2) Z .20 p (% = |Omz | 7" | fi(t,2) — Z a;p(2)t?
p=0 E p=0 B

An analogous argument as that of Theorem yields

oo(7)
eantt )= oz [ ot [ B g

21

for some 7; < r, which can be bounded from above taking into account (4.3) and (4.17). This
way one arrives at

10m,29n(t, 2) || < CAoBorjm(1)A" M,
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or equivalently

n—1
O, [5(t, 2) Z m,2@jp(2))t7| < CAgBorym(1) A" Mj
p=0

valid for all (¢,2) € G’ x D'. This yields that O, fj(t, z) is the Mj-sum of > - (Om, -a;p(2))tP
along direction d;.
0

5 Application. Multisummability of formal solutions to singu-
larly perturbed moment differential equations

In this section, we state the main result of the present work, namely the multisummability
properties of the formal solutions to certain families of singularly perturbed moment differential
equations.

Let M = (Mp,),>0 be a strongly regular sequence which admits a nonzero proximate order.

Let k,p € N with 1 <k < p. Let m; = (mi1(p))p>0 and ma = (ma(p))p>0 be two sequences
of moments associated with two strongly regular sequences admitting nonzero proximate order,
and assume that m; = (m1(p))p>0 is the moment sequence associated with M*! for some s; > 0.
Moreover, we assume that mo = (ma(p))p>o0 is an M-sequence of order s > 0, i.e., there exist
positive constants ¢1, ¢o such that

&My < ma(p) < &(M,)%2,  p>0.

We also assume that spp > s1k, and that w(M)32 < 2.
Let a(z) be a holomorphic function on some closed disc centered at the origin, say D, such
that a(z)~! € O(D). Moreover, f(z,¢) € C|[[z,¢]] and 1;(¢) € C[[¢]] are formal power series.
We consider a singularly perturbed moment differential equation of the form
(5.1) { a(2)0, 2w(2,€) —w(z,€) = f(z,¢€)
87]712, ( E): j(€)7 ij?"'ap_la

where € is a small complex parameter.
The main result of the present work reads as follows.

Theorem 5.1. (i) There exists a unique formal solution &(z,¢) € Cl[z,]] of (5.4]), which
belongs to O(D)|[e]] if f € O(D)[[e]].

(it) Let s1 € (0,22) and choose (dy,ds) € R* with

mw(M) /sop
s = daf < T (=)

The following statements are equivalent:
(ii.1) w(z,¢€) is (Msl,M%)—summable in the multidirection (dy,ds) € R2.

(i.2) f(z,a) and 8%1273@(0,8), j=0,1,....,p—1, are (Msl,M%)—summable in the multi-
direction (dy,ds).
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The proof of the main result is left to the end of the work, and is preceded by some aux-
iliary results modifying the shape of the main problem or stating asymptotic results of related
problems.

Let @ = e*w. Then equation can be rewritten in the form

(5.2) a()00, .02, 2) — = Fa(z,€) = f(2,2).
Let us write t(z,€) = >, 51 Un (z)#?n) Then the following lemma holds for the formal operator

B, e

Lemma 5.1. If i € e*C[[z,¢]] then By, (e 7%0) = 8%, By, 0.

mi,e
Proof. Notice that

o eh

—k — U z
Bine(e™i(2,0)) = D wnin(2) s s

n>0

n+k

_ ok Z € _ak A .

- 8ml,s £ un+k‘(z) (ml(n ¥ k))2 - 8m1,€Bm1,6u<27€)'
O

After applying the formal Borel transform Bml’a to both sides of ([5.2)), from Lemma ﬂ we

receive

(5.3) a(z)P, Ul(z,e) —8F Ulze)=F(ze),

ma,z mi,e

where U(z,&) = B, ci(z,€) and F(z,e) = B, o f(2,€).

We fix sq,s2 > 0 such that sop > sik. Let Ml = (M,),>0 be a strongly regular sequence
which admits nonzero proximate order.

The following result is a direct consequence of Lemma [3.8]

Lemma 5.2. The formal power series w(z,¢€) is (Msl,M%)—multisummable (with respect to €)
in the multidirection (di,ds2) if and only if u(z,¢€) is (Msl,M%)—multisummable (with respect
to €) in the multidirection (di,ds2). Let w and u be the corresponding (Msl,M%)—sums. Then,
it holds that u = *w.

The next result is a direct consequence of Lemma and Definition [3.8

Proposition 5.1. The formal power series w(z,€) is (Msl,M%)-multisummable in the admis-
sible multidirection (di,ds) if and only if the following conditions are met

1. U is Mt~ _summable in the direction da,

2. the sum of U, denoted by U, is analytically continued to Sq, and U € oM (S4,,E).

By Theorem 4 from [18] the formal power series U(z, €) is M # ~*1_summable in the direction
dy if and only if F'(z,¢) and 6%12,,3121(0, €),j=0,1,...,k—1, are M * ~*L_summable in the same
direction ds.

The next result extends Lemma 4 and Theorem 4, [1§].
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Theorem 5.2 (Compare Lemma 4 and Theorem 4, [18]). Let us consider the Cauchy problem

(O, — a(2)08, u(t, z) = f(t,2) € C[[t, 2]
& u(0,2) = p;j € O(D),

mi,

(5.4)

with D being a fixed neighborhood of the origin.

1. There exists a unique formal solution u(t, z) € C[[t, 2] of , which belongs to O(D)][t]]
if f € OD)[t]-

2. Let E denote the Baqach space of holomorphic functions in D with the norm of the supre-
mum. Assume that f € O(D)|[t]. The following statements are equivalent:

2.1. u(t,z) is M % 51 -summable in direction dy (seen as a formal power series in t with
coefficients in E) with sum u(t,z) being an analytic solution of , and moreover
u(t,z) € O (S, ,E"), where B’ stands for the Banach space of holomorphic and
bounded functions defined on D(0,1") for some 0 < v’ < r, endowed with the supre-
mum norm.

2.2. f(t, z) and &, La(t,0) are M & =1 _summable in direction ds with sums f(t,z) and
Oy 2u(t,0), respectively. Moreover, f(t,z) € OM™ (Sy,,E) and O, .u(t,0) € OM™(Sy,).

Proof. The proof heavily rests on that of Lemma 4 and Theorem 4, [I8]. We only give details
at the points in which it differs from the proof of those previous results.

The existence of a unique formal solution (¢, z) follows from the recursion satisfied by
their coefficients, written as a formal power series in t. Holomorphy of the coefficients is also
guaranteed from that recursion formula.

For the second statement, we first observe that the implication (2.1. = 2.2.) follows from the
fact that M*2P/k—s1_summable formal power series along any fixed direction are compatible with
respect to sums, product, and also moment derivation (see Corollary 1, [I§]), we obtain that
f(t, z) and &, .a(t,0) are M*P/k~s1_summable along the same direction. In addition to this,
f(t, z) € O™ (Sy,,E) due to Theorem It is easy to check that 97, .u(t,0) € OM™ (Sy,).

We proceed to prove the implication (2.2. = 2.1.). Let D := D(0,r). We denote by (E, ||-|z)
the Banach space of holomorphic and bounded functions on D, where |||z is the norm defined
by

1= 1Flr™,
=0
for f € O(D), with f(z) = > ps0 [p?? for z € D. Denoting &(t, z) := dh,, »4(t, z), one has that
w(t, z) is a formal solution of

1 _ . .
<1 — M8511,t6m§,Z> w(t,z) =g(t, 2),

where g(t, z) = a(2) 710, ,(Yo(t) + 201 (t) + ...+ 2P 1y 1 (1)) —a(2) "1 f(t, 2), and with ¢o(t) =
u(t, 0), ﬁj(t) = m2(0) 5 u(t,0). We also define

ma(y) T2
Ot z) = dylt, 2),

q>0

with wo(t, 2) = §(t, z) and @y(t,2) = a(z)_lﬁﬁ%t&ﬁgzc&q,l(t, z) for ¢ > 1. From the hypotheses
made one has that wo(t,z) € E[[t]] is M*2P/k=s1_summable in direction dy, with sum wy(t,2) €
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O(G x D), for some sectorial region G of opening larger than 7(sap/k — s1)w(M) and bisecting
direction dy. By Theorem 4, [I8] and by Theorem M we obtain that for every G’ < G and
every S’ < S there exist positive constants Cy, C5, Cg such that

ZP—s s 5 Ao it s
[0, 400(t, 2)]], < CaCFma(n) My " exp (M*(Ct])) < C1C5 My exp (M*(Cilt]))
for all t € G'US’ and n € Ny, and some C;,Cs > 0. An induction argument and the application

of Lemma 5 [I8] (see the proof of Theorem 4, [I8§]) yield that &,(t,2) € E[[t] is MZ2P/k=s1
summable in direction ds, and

om, wolt,2)]|. < Groncgremar e, A ey (o)
m,t7g\" F= qk+nm2(pq) ’

forall t € G'US', z € D with 7 = |z and with C' = ||a(z)~!|| . It is direct to check that

~ ~ 52P
S 1105, gt )] < CrEFMLE exp (M*(Clt]))

q>0

valid for some C3 > 0 and all t € G' < G, all z € D(0,7"), for some 7 > 0. This entails that
w(t, z) = 3,50 wq(t, 2) is a holomorphic function on (G'U Sy, ) x D(0,7’) which is the M -sum
of W(t,z) = > ,5oWq(t, 2) € E[[t]] along direction da. A direct application of Watson’s lemma
(Corollary 4.12, [27]) allows us to conclude that the sum of 4(¢, z) € E[[t]], denoted by u(t, z) is
an analytic solution of with u(t, z) € O™ (S, ,E'), where E’ stands for the Banach space
of holomorphic and bounded functions defined on D(0, 7). O

All the previous arguments allow us to conclude with the proof of the main result of the
present work.

Proof of Theorem [5.1 1t is straightforward to check that admits a unique formal solution
which is obtained from the unique solution U (t,z) of obtained in Theoremby reversing
the relations @ = e*@& and U(z,&) = By, <ii(z,€).

If &(z,¢) € E[[e]] is (Msl,M%)—summable in (dy,dz), it is clear that a(z)0h,, .0(z,¢€) €
E[[e]] is also (Msl,M%)—summable in (dy,dz), and from Lemma and Lemma 4.4 we have
that efa(2)0h, .0(2,¢) also belongs to E{e}(MSl ) (s )’ The sum of two elements in

E{E}(Msl,MS%p),(dl,dg) remains in that space, which in view of 1} entails that

A~

f(z,e) € E{e}(Mﬂ,M%),(dhdﬂ'

It is clear that & : implies O, -6 : :
t is clear that w € E{a}(MSl,M%p)y(dth) implies 95, .0(0,¢) € C{E}(Mﬂ,M%p),(dl,dQ)

We proceed to give a proof for the implication (¢i.2) = (ii.1). In view of Proposition
one only has to check that U € E[[¢]] is M # =1 _summable in direction d and its sum can be
extended to an infinite sector of bisecting direction dy, say Sq,, being that extension in the space

i

OM™1 (S, ). U turns out to be a formal solution of (

We observe that E'(z,¢) € E[[e]] and 8%, -U(z,0) are both M % ~*1_summable in direction
dy. On the one hand, F(z,¢) = Bf(z,¢) and f € E[[¢]] is (Msl,M%)-multisummable in (dy,ds).
On the other hand, we have

B (8, .0(0,€)) = &, (B, c0(0,¢)) = 0, (9%

ma,z m2,z ma,z\Ymy e

A

U)(0,¢),
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which is M# ~$1_summable in do.

We are now in conditions to apply Theoremto arrive at u(z, €) € E[[¢]] being (M*!, M )-
multisummable in (di,d2). We conclude after applying Lemma that @w(z,e) € E[¢]] is
(MSI,M%)—multisummable in (di,ds). O

According to our best knowledge, the main result of the paper is new even in the case
of singularly perturbed differential equations and classical multisummability (for the classical
approach to multisummability see Section 10 [I] or Section 7 [19]). Namely, putting M = mgy =
(p!)p>0 and s = 1 in Theorem [5.1] we conclude that

Corollary 5.3. (i) Let a(z) € O(D) be such that also a(z)~' € O(D). Moreover, f(z,¢) €
Cllz,¢€]] and ¥;(e) € C[le]] are formal power series. Then there exists a unique formal
solution w(z,¢e) € Cl[z,¢]] of the singularly perturbed differential equation of the form

A~

efa(2)Pw(z,e) — w(z,e) = f(z,¢)
dlw(0,e) = Pi(e), j=0,...,p—1,

where € is a small complex parameter. If additionally f € O(D)[[€] then also &(z,¢) €
OD)[[=]]-

(i) Let s € (0,%) and choose (dy,ds) € R? with |dy —da| < 5(% —s). The following statements
are equivalent:

(ii.1) @(z,¢€) is (%, 1)-summable in the multidirection (di, d3).

(i.2) f(z,a) and 32(21(0,5), j=0,1,...,p—1, are (%, LY _summable in the multidirection

(d1,d2).

Remark: Since mq = (I'(1 4 pa))p>o is the moment sequence associated with (p!®),>o for
every a > 0, the main results of the paper (Theorems and hold in particular for the
operator Op,, . connected with the Caputo fractional derivative 0. On the other hand ([p]q!)p>0
is not the sequence of moments in the sense of Definition [3.4, Hence the main results do not
concern the g-difference operator D, .. We refer to the introduction of the present work for the
notation used for these derivation operators.
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