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To my parents

“There is nothing outside of yourself that can ever enable you to get

better, stronger, richer, quicker, or smarter. Everything is within. Every-

thing exists. Seek nothing outside of yourself.”

The Book of Five Rings, Miyamoto Musashi
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Summary

In the past, the concept of electric power systems have been based on the centralised

operation of large power generation plants. However, in recent years, power systems

have shifted away from such traditional paradigm towards a new one based on a large

number of small and distributed generation units based on renewable energy sources

(RES). The power electronics interfaces commonly used to connected RES to power

networks do not inherently provide the stability and grid support the conventional

generators do. In many cases, the RES are placed in poorly interconnected networks,

in remote locations or in small networks that are characterised by low mechanical

inertia and high network impedances. Such network conditions have a significant

impact on the stability of power electronics converters and robust control solutions

are required in order to guarantee their stable operation. Moreover, the integration of

a large number of electronic interfaces allow a wide variety of possible interactions that

can lead to the instability of the power network itself. The objective of this thesis is

to evaluate the impact of a massive deployment of power electronics interfaces on the

stability of power systems and improve the control systems of grid-connected converters

to safeguard the stability of future power networks.

Back-to-Back converter topology is frequently used for control of electrical ma-

chines, power transmission systems and power quality applications. The cascade con-

trol structure is commonly used for the this converter topology due to its simple design

procedure even though its performance is limited because of the reduced bandwidth of

the DC-link voltage regulator. This thesis introduces a full-state feedback controller

based on the novel common- and differential-power concepts. This controller achieves

both - a fast control of active and reactive powers and a fast regulation of the DC-link

voltage.

Low-frequency electro-mechanical frequency oscillations and methods for their at-

tenuation have been widely studied in conventional interconnected power systems.

The HVDC technology introduces several advantages over the conventional HVAC

technology, such as increased efficiency and flexibility, or interconnection of asyn-

chronous systems. This thesis proposes a control scheme for HVDC interconnections
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that provides damping of frequency oscillations in asynchronous ac grids. This con-

troller introduces a virtual electro-mechanical effect equivalent to mechanical friction

between the inertial dynamics of the two coupled ac grids.

In many cases, RES are located in small and poorly interconnected distribution

networks, in locations requiring long distribution cables or in small networks designed

to operate disconnected from the main grid (microgrids). Such “weak” interconnec-

tions have a significant impact on the control system of power electronics interfaces and

may lead to undesired effects. This thesis proposes a novel and detailed small-signal

modelling procedure for voltage source converters connected to weak grids that in-

cludes effects such as dead-time and time delays caused by the digital implementation

and switching process.

In order to facilitate the integration of RES to weakly interconnected grids, the

controllers based on the emulation of synchronous generators have been increasingly

used. This is an attractive approach since existing power systems are designed to oper-

ate based on the connection of synchronous generators and this approach successfully

emulates most important features of conventional generators. However, the existing

control methods for the emulation of synchronous generators still have a number of

pending issues, such as the system non-linear dynamics, control parameter design or

stability under weak grid conditions. A comprehensive methodology for the design

of virtual synchronous machines with virtual impedance connected to weak grids is

proposed in this thesis.

The uncontrolled, variable and intermittent characteristics of RES generators and

the uncertainty of the demand give rise to new challenges related to the design and

operation of power systems. Solutions based on multi-terminal DC networks have

been considered to overcome these issues since they are capable of integrating RES

generators, energy storage systems and electronic loads to a common DC network

that is then interfaced to an AC grid via a single converter. However, the modelling,

analysis and control design of multi-terminal DC grids for different applications has

not been further explored. This thesis presents a small-signal modelling and stability

analysis of electronics interfaces in multi-terminal DC networks with energy storage

for railway applications.

For each of these different applications a state-of-the-art is presented and their

respective control issues are studied in detail. The proposed control schemes and

findings from the stability analyses in this thesis were implemented and experimentally

validated in the Smart Energy Integration Lab (SEIL) at IMDEA Energy. Finally,

conclusions and guidelines for further research are presented.



Resumen

En el pasado, los sistemas elctricos de potencia se han basado en la operacin cen-

tralizada de un gran nmero de centrales elctricas. Sin embargo, en los ltimos aos los

sistemas de potencia se estn avanzando hacia uno nuevo paradigma basado en la op-

eracin de un gran nmero de generadores distribuidos basados en fuentes renovables.

Los convertidores electrnicos usados tpicamente para conectar fuentes renovables a

las redes elctricas no proporcionan la estabilidad y apoyo que s proveen los gener-

adores convencionales. En muchos casos, las fuentes renovables se encuentran redes

mal interconectadas, en localizaciones remotas o en redes pequeas, que se suelen car-

acterizar por tener baja inercia y valores de impedancia elevados. Estas condiciones

tienen un impacto significativo en la estabilidad de los convertidores electrnicos, por

lo que se necesitan soluciones de control robustas que garanticen una operacin estable

y segura. A su vez, la integracin de un gran nmero de convertidores electrnicos en

las redes puede dar lugar a interacciones que comprometan la estabilidad del sistema

elctrico. El objetivo de esta tesis doctoral es evaluar el impacto de una integracin

masiva de convertidores electrnicos en la estabilidad del sistema elctrico, y mejorar los

sistemas de control de los convertidores electrnicos para salvaguardar la estabilidad de

los sistemas elctricos en el futuro.

La topologa de convertidor Back-to-Back es una de las ms populares para el con-

trol de mquinas elctricas, en sistemas de transmisin de potencia o en aplicaciones de

calidad de potencia. La estructura de control cascada es ampliamente utilizada en con-

vertidores Back-to-Back debido a su sencillo procedimiento de diseo, pese a que limita

el ancho de banda del control del bus de DC. Esta tesis presenta un control por real-

imentacin del estado completo del convertidor Back-to-Back basado en los novedosos

conceptos de potencia comn y diferencial. Este controlador permite simultaneamente

un control rpido de potencia activa y reactiva, y una regulacin rpida del bus de DC

sin limitaciones de ancho de banda.

Las oscilaciones electromecnicas de baja frecuencia y los mtodos para su aten-

uacin han sido ampliamente estudiadas en los sistemas de potencia tradicionales. La

tecnologa HVDC presenta numerosas ventajas frente a la tecnologa HVAC, como la
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mejora de eficiencia y flexibilidad, o la interconexin de sistemas asncronos. Esta tesis

presenta una estructura de control para enlaces HVDC entre sistemas asncronos que

permite amortiguar oscilaciones de frecuencia. Este controlador un efecto electromec-

nico equivalente a una friccin mecnica acoplando las inercias de los dos sistemas as-

ncronos.

En muchos casos, las fuentes renovables se encuentran en redes mal interconec-

tadas, en localizaciones remotas que requieren de largas lneas de distribucin o en redes

pequeas diseadas para poder operar desconectada de la red principal (micro-redes).

Estas interconexiones ”dbiles” tienen un impacto significativo en los sistemas de con-

trol de los convertidores electrnicos que puede dar lugar a efectos indeseados. Esta

tesis presenta un novedoso modelo de pequea seal para convertidores fuentes de tensin

conectados a redes dbiles que incluye efectos como tiempos muertos y retardos, tpica-

mente causados por la implementacin digital de los controles y la conmutacin.

Los controladores basados en la emulacin de generadores sncronos presentan ven-

tajas a la hora de integrar fuentes renovables en redes dbiles o mal interconectadas.

Esta opcin permite emular muchas de las caractersticas ms importantes de los gener-

adores sncronos, lo cual resulta de gran inters debido a que los sistemas de elctricos

estn diseados para operar con estos generadores. Sin embargo, las estrategias basadas

en la emulacin de generadores sncronos presentan algunos inconvenientes como son

las dinmicas no-lineales, el diseo de los parmetros de control o la estabilidad en redes

dbiles. Esta tesis presenta una metodologa de diseo de una maquina sncrona virtual

con impedancia virtual conectada a una red dbil.

La intermitencia, variabilidad y falta de control propias de las fuentes renovables

y la incertidumbre de la demanda traen consigo nuevos retos relacionados con el diseo

y la operacin de los sistemas elctricos. En este sentido, las redes multiterminales de

DC resultan una solucin prometedora dado que permiten integrar fuentes renovables,

sistemas de almacenamiento y cargas electrnicas en un bus comn de DC que se conectar

a la red principal a travs de un nico convertidor electrnico. Sin embargo, el modelado,

anlisis y diseo de control de las redes multiterminales de DC en distintas aplicaciones

aunque no se ha estudiado en detalle. En esta tesis se presenta el modelado de pequea

seal y anlisis de estabilidad de convertidores electrnicos en redes multiterminales de

DC con almacenamiento de energa para aplicaciones ferroviarias.

Para cada una de las aplicaciones se ha presentado un estado de arte donde se

han estudiado en detalle los retos de control. Las estrategias de control propuestas

y los resultados de los anlisis de estabilidad presentados en esta tesis se han validado

experimentalmente en el Smart Energy Intergration Lab (SEIL) en IMDEA Energa.

Finalmente, se presentan las conclusiones de la tesis as como guas para trabajos fu-

turos.



Chapter 1.

Introduction

1.1 General Background and Motivation

1.1.1 Future Power Systems: Renewable-based Generation

Over the period of more than a century, electric power systems have been de-

signed assuming the centralised operation of a small number of large power plants (see

Fig. 1.1(a)). However, in the past decades, power systems have shifted from their con-

ventional operational model towards a decentralised one based on a large number of

small renewable generators located according to the availability of the energy resources

(see Fig. 1.1(b)) [2]. Existing international energy directives and agreements such as

the EU Renewable Energy Directive and the Paris Agreement set targets calling for a

sensible, sustainability-oriented energy planning [3]. The motivation behind these tar-

gets is the urgent need for effective actions to mitigate the well-known concerns related

to energy security and sustainability (climate change mitigation, access to affordable

energy, reliability of supply, etc.) [4]. These EU energy directives are currently guiding

the planning of national energy systems that support the sustainable development of

countries, not only techno-economic criteria but also social and environmental ones.

Moreover, with the help of power electronics converters, the massive integration of

renewable energy sources (RES) has increased considerably, becoming a key factor in

the development of environmentally-friendly energy policies. For example, one of the

targets of the EU is to reduce the green-house emissions to 80-95% below 1990 levels

by 2050 [5] and it is expected that the share of the electricity generated by renewable

sources will increased from 20% to 27% between 2020 and 2030 [6, 7]. In this sense, sev-

eral European countries have already shown their plans to integrate large wind power

Fig. 1.1.(b) was obtained from [1].
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(a) (b)

Figure 1.1: From (a) a centralised power system to (b) a decentralised power system.

installation in the North Sea or to promote the installation of more photovoltaic (PV)

generation, especially in south European countries [8, 9].

The emerging small and distributed RES generators bring both positive and nega-

tive implications to the power system operation [3]. On the one hand, a decentralised

generation system provides more flexibility to match the demand and improves reliabil-

ity [10]. Also, RES are more environmentally-friendly compared to traditional thermal

units. On the other hand, the increased penetration of these technologies introduces

new challenges and drawbacks to the operation and management of distributed and

variable energy sources [11, 12]. Such significant challenges have drawn the attention

of researchers and provide the main motivation for the development of this thesis.

The electronic interfaces commonly used to connect RES to power networks do not

provide the grid with the stability features and support the conventional generators in-

herently do since their controllers and/or hardware have not been designed taking into

account the same requirements. However, system operators are developing new grid

codes that will demand frequency and voltage support features from RES generators

in order to stabilize the power system. In many cases, these generators are connected

to distribution networks, frequently placed in remote locations and connected to the

main grid via long distribution lines. Such parts of the network are usually referred

to as “weak grids”. Weak grids are characterized by having large impedances that

limit the power transmission capability, deteriorate the voltage regulation and ulti-

mately may lead to undesired oscillations [13]. Therefore, robust control solutions

are required in order to guarantee the stable operation of power converters in weak

grids. Moreover, from the distribution network point of view, the massive integration

of power converters can lead to undesired interactions between their control systems

and the network, leading the aforementioned oscillatory phenomena [14]. This empha-

sises how important is the development of accurate models and stability criteria for

power converters in electrical distribution networks.
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1.1.2 Concepts of Stability - Traditional against Modern

Electrical power networks consist of several individual elements connected together to

form a large and complex system that can generate, transmit and consume electri-

cal energy. The interconnection of such large amount elements allow a wide variety

possible interactions and instabilities, which can be limited to a reduced number of

elements in a local area or can affect the whole system. Power system stability can be

defined as the property of a power system to remain in a state of equilibrium under

nominal operating conditions and to regain and acceptable state of equilibrium after a

disturbance takes place [15]. In traditional power systems, the interactions that lead

to the instability can be classified in different categories depending on the nature and

the source of the interaction:

• Angle (rotor) stability is defined as the ability of generators in a power system

to remain synchronised after a disturbance takes place, and involves the study

of the electro-mechanical oscillations. In this sense, the fundamental problem

comes from the interaction between synchronous generators that oscillate one

against each other, causing power and frequency oscillations.

• Voltage stability is defined as the ability to maintain acceptable voltage levels at

all buses in the system after a disturbance takes place. In this sense, the fun-

damental problem comes from the inability of the system to supply the reactive

power demanded by loads.

In order to provide a useful insight into the nature of these instabilities, it is

common to classify the voltage and angle stability phenomena into two types:

• Small-signal stability is the ability of the power system to remain stable under

small disturbances, such as small changes in the system load. Under the consid-

eration of sufficiently small disturbances, the system equations can be linearised

around an operating point and its stability analysed by using linear control the-

ory.

• Large-signal stability is the ability of the power system to remain stable under

large disturbances, such as faults or generator failures. Under large disturbances,

stability of the system require the analysis of the non-linear dynamics of the

system.

These instability issues are well known and have been studied for decades. However,

the massive integration of power electronics interfaces gives rise to a significant concern

about the new dynamic behaviour of power systems [16]. These devices can lead to

new undesired instability phenomena due to the interaction between power converters

or with other elements of the system. These phenomena can be classified in two groups:
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• Sub-synchronous instabilities : Unlike conventional generators where power and

frequency interactions are caused by rotor oscillations, power converters can show

similar oscillations yet caused by their slow power controllers and synchronization

algorithms.

• Harmonic instabilities : Conventional generators can exhibit high frequency os-

cillatory effects related to electrical elements and voltage/field controllers. How-

ever, power converters can show a much wider range of oscillation, which are

mainly caused by the interaction between the fast current and voltage controllers

and the network.

The technical consequences derived from the integration of power electronics con-

verters at a certain point of the network must be considered carefully in order to main-

tain the system reliability. However, the nature of these new interactions is completely

different from those studied in conventional power systems composed of synchronous

generators [17]. Therefore, new modelling and stability analysis methods have to be

developed in order to take into account the new sources of interaction introduced by

power converters.

1.1.3 Integration of Power Converters to Weak Grids

In many cases, RES are placed in small and poorly interconnected distribution net-

works, in remote locations that require long distribution lines or in small networks

designed to operate disconnected from the main grid (microgrids) [18]. These weak

connections are commonly characterised by a low mechanical inertia, high network

impedance and low short-circuit power, which depends on the equivalent grid impedance

that the system presents at the Point of Common Coupling (PCC) where the power

converter is connected [19]. Usually, the stiffness of the PCC can be measured by using

the Short Circuit Ratio (SCR):

SCR = SSC/SN , (1.1)

where SSC is the short-circuit power and SN is the rated power of the power converter

connected to the PCC. Typically, a grid connection is considered “strong” for SCR

values higher than 20-25 and “weak” for SCR values lower that 3-4. However, the

stiffness of the grid is not a static feature and it varies depending on the network

topology and the loading of lines [20].

Weak interconnections have a significant impact on the control system of power

converters and they can lead to undesired effects such as harmonic resonances or even

unstable operation of the converters [21]. Such impact has been widely reported in the
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Figure 1.2: Conventional control scheme based on an inner current and a DC-voltage

controller in cascade configuration, and a synchronization algorithm (PLL).

literature, highlighting the negative effect on synchronization algorithms, current con-

trollers and DC-link voltage controllers [22–24]. Fig. 1.2 shows the electrical schematic

of a grid-connected converter with a conventional control scheme based on current and

DC-voltage controllers, and a synchronization algorithm (Phase-Locked-Loop or PLL).

The dynamics of the current delivered to the grid are mainly influenced by the current

and DC-voltage controllers. In case of a weak interconnection, the dynamics of the

current delivered to the grid and the grid voltage are coupled by the grid impedance,

which means the converter has an “impact” on the grid voltage [21]. This dynamic

coupling gets propagated back into the converter control system through the PLL

which is synchronized to the grid voltage, creating an undesired feedback-loop [25].

In order to avoid stability issues when RES generators are connected to a weak point

of the power system, their control systems need to be robust against such weak grid

conditions. In this sense, several authors have studied this problem from the converter

point of view, proposing improved control and synchronization algorithms [24, 26, 27].

However, this approach that focuses only on the converter control system has been

shown to be insufficient in guaranteeing the system stability. The interaction between

the converter and the grid, or with other converters in its vicinity, can also lead to

undesired instabilities [28, 29]. In this sense, other authors have studied this problem

from the network point of view, analysing the stability of the complete weak system,

including the effect of all elements on it [30, 31]. It can be seen that both approaches

are necessary to guarantee the power system stability. On the one hand, robust control

algorithms that can withstand large grid impedance values and, on the other hand,

stability analysis that take into account the impact of other devices connected to the

network.
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1.1.4 Hybrid Power Networks Based on Power Electronics

The integration of RES has been recognized as an environmentally and economically

friendly solution for the future power networks that helps to reduce the green-house

emissions caused by conventional generation and also the existing dependence on fossil

fuels [32]. However, due to the variable and uncontrollable characteristics of RES

generators, new challenges for the reliable operation of power systems arise [33, 34].

For example, a power mismatch between the load and the power generated by RES

generators can lead to a power outage (in the case of renewable energy shortage) or

an energy spillage (in the case of renewable energy excess). Moreover, RES generators

typically have multiple conversion stages that increase the conversion losses [35–37].

Such is the case of PV and wind generators which typically require DC/DC/AC and

AC/DC/AC conversion, respectively.

Muti-terminal DC (MTDC) power networks have been proposed as a promising

solution to overcome such issues since they aggregate RES generators, Energy Storage

Systems (ESS) and electronic loads in a common DC network that is interfaced to

an AC grid via a single AC-DC converter [38]. Fig. 1.3 shows the electrical diagram

of a grid-connected MTDC network with wind and PV generators, a battery ESS

and an electrical motor. The RES generators and ESS in MTDC networks can be

controlled in a closed-loop in order to operate as a controllable energy source from

the AC network perspective. This feature can effectively mitigate the random and

intermittent characteristics of RES generators [39, 40]. In addition to this main feature,

the number of AC-DC interface converters is reduced, increasing the system efficiency

and avoiding economic and technical costs [33]. However, it has been known that the

connection of such power electronics-based devices to a common DC network can lead

to undesired interactions that can be limited to the DC system and/or can affect both

AC and DC systems [41–44]. Therefore, new modelling and stability analysis methods

are needed for the safe integration of RES and ESS to hybrid power networks [45].
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1.1.5 The Role of Inertia and Frequency Regulation

RES are commonly connected to the grid via power electronics converters resulting

in their interaction with the grid to be substantially different from that of conven-

tional generation based on large synchronous generators moved by steam or hydro

turbines [21, 46]. The rotating masses of these generators electro-mechanically are

coupled with the grid and inherently provide inertia [16, 47, 48]. Therefore, the system

inertia refers to the kinetic energy stored in all rotating masses of the network elements

such as turbines and generators.

System inertia plays a critical role in resisting all frequency deviations, especially

the important ones during large excursions. When a frequency drops due to a generator

failure, all rotating elements connected to the grid reduce their speed, releasing the

stored kinetic energy from the rotating masses [49]. The energy released slows down

the frequency drop, preventing the frequency to exceed the system limits before the

primary control takes action. Therefore, the Rate of Change of Frequency (RoCoF) or

df/dt and the nadir (maximum frequency deviation) are closely related to the system

inertia [50, 51]. Fig. 1.4 illustrates a typical transient response of the system frequency

after a generator failure. Generally, a power system with large inertia will be more

robust against power disturbances than a smaller one [52].

In contrast, power converters are not electro-mechanically coupled with the grid

and they cannot provide frequency support by releasing kinetic energy [15, 53]. This

means that during large frequency excursions caused by a generator failure, these con-

verters do not inherently contribute to slow down the frequency decrease [54]. This

can be a critical issue at high levels of RES integration based on power electron-

ics where traditional power plants will run at minimum load, and subsequently, will

be disconnected from the power system. Under these operating conditions, the sys-

tem will operate at low inertia and the loss of a group can cause a fast and large

frequency deviation (high RoCoF and nadir) that can lead to a cascade frequency re-
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lated events [50, 55]. For example, severe frequency transients can create stress to the

prime movers that increase the probability of generation trips and mechanical failures.

High RoCoF values can lead to large angle deviations between different areas that can

induce to network splitting and the subsequent frequency oscillation between them, or

RoCoF relays tripping that are commonly used in some countries for generator protec-

tions [56, 57]. In addition, during severe frequency gradients, conventional protection

devices might experience conditions where a reliable operation is difficult [58]. All

these aspects compromise the reliable operation of the system.

1.1.6 Emulation of Inertia in Power Systems

In order to ensure the stable operation of power systems in the future once conventional

generators are replaced with RES based on power electronics converters, a sufficient

amount of system inertia needs to be provisioned. In this sense, a recent concept

has been proposed to simplify the integration of power electronics-based RES based

on the emulation of the inertial response of synchronous generators and by using

converter control systems [50, 59, 60]. The “simulated inertia” (synthetic or virtual

inertia) allows power converters to increase the system inertia and contribute to the

frequency support [12, 61, 62]. In this sense, there are several intents to explore the

procurement of inertial services through market arrangements by imposing dynamic

requirements for the total system inertia [53, 63]. Currently, several mechanisms for

recovering the costs of payments for inertia are being modelled but the question is

still open to debate. However, it is expected the cost of virtual inertia can be settled

against by allowing wind and PV generators, and battery storage to bid inertial support

services in “inertial markets” [63].

In this sense, emulation of synchronous generators has been welcomed by system

operators since it is an attractive approach for a smooth integration of RES as the

existing power systems are inherently designed to operate based on the connection

of synchronous generators [64]. This control approach provides some of the most

important features of conventional generators, such as inertia emulation, frequency

regulation and voltage support [65]. Consequently, RES generators based on power

electronics can be controlled in the same way as if they were conventional synchronous

generators, mitigating possible low inertia stability issues [66]. However, so far there

have been reported several control methods based on emulating the dynamics of syn-

chronous generators that are competing on how to approach this type of converter

control. These methods are commonly referred to in the literature as Virtual Syn-

chronous Machine (VSM) [65, 67, 68], Virtual Synchronous Generator (VSG) [69, 70],

Synchronous Power Converter (SPC) [71] and synchronverter [64, 72, 73]. However,

these control methods still have a number of pending issues to be resolved with re-
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spect to the system non-linear dynamics and the control implementation such as:

control parameter design [74], current limiting during voltage sags [75, 76], harmonic

control [77, 78], stability under weak grid conditions [65, 78], etc.

1.1.7 Grid Stability Enhancement from HVDC Transmission

The expected massive integration of RES to power networks can lead to a stressed

transmission system and additional network reinforcements may be necessary to resolve

the congestions. The increase in power transmission capability with conventional High

Voltage Alternating Current (HVAC) lines has been most common solution applied by

Transmission System Operators (TSO). However, the solutions based on HVAC lines

can be constrained by several technical and economical aspects. In contrast, High

Voltage Direct Current (HVDC) transmission introduces several advantages over the

conventional HVAC transmission, such as: increased efficiency since it can transmit

large powers over long distances, power transmission over mid-long distances by us-

ing insulated cables, and interconnection of asynchronous systems [79, 80]. Moreover,

HVDC transmission systems have become a preferred solution over conventional HVAC

lines when it comes to dealing with the intermittence of renewable energy sources and

the integration of massive amounts of wind energy through submarine cables. These

advantages have encouraged the use of HVDC technology over the conventional HVAC

lines, leading to an increased number of HVDC links installed worldwide [80, 81].

A well known problem in transmission power systems are the low-frequency electro-

mechanical oscillations, which are largely defined by the inertia of the synchronous

generators, the dynamics of governors and excitation systems and the power system

topology [15]. Therefore, methods for Power Oscillation Damping (POD) and attenu-

ation of frequency oscillations have been widely studied in traditional interconnected

power systems. However, the massive integration of power electronics-based genera-

tors can also lead to a change in the dynamic characteristics of power systems and

new low-frequency oscillatory phenomenon has also become an important issue [14].

It is clear that the main purpose of HVDC transmission systems must be related to

energy transmission over long distances. However, since the early practical applica-

tions of HVDC technology in the transmission system, many other features for grid

stability enhancement and POD have also been investigated for HVDC interconnec-

tions [82, 83]. Initially, research efforts were focused on POD methods by Current

Source Converters (CSC) HVDC systems since it was the dominant technology [84].

In recent years, HVDC transmission based on Voltage Source Converters (VSCs) have

been increasingly preferred over CSC-HVDC technology due to its flexibility and power

control capability at both terminals [83]. Thus, recent research works have been fo-

cused on the potential contribution of VSC-HVDC transmission to the grid stability
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enhancement in power networks with high penetration of RES [85]. In this sense, most

research works have followed two main approaches: On the one hand, some authors

have proposed specific control strategies for VSC-HVDC interconnections based on

the VSM concept or the inertia emulation in order to compensate for reduced system

inertia [86]. Moreover, if their control parameters are properly set, such HVDC con-

trol can also contribute to the power system stabilization. On the other hand, some

authors have highlighted the potential contribution of VSC-HVDC interconnections

to the damping of power/frequency oscillations in emerging power system configura-

tions. However, these two control methods have several issues regarding their control

implementation and the system stability that still need to be addressed such as: the

use of high-bandwidth communications and its impact on the system reliability, the

DC-link voltage regulation, control complexity, etc.

1.1.8 Main Objective and Scope of the Thesis

The scenario described in the previous section depicts a power system where RES

and other elements are connected to the grid by using power electronics converters

representing a sizeable share of generation units. The objective of this thesis is to

investigate and evaluate the impact of a massive deployment of power elec-

tronics interfaces on the stability of power systems and to propose control

system improvements for the grid-connected converters that safeguard the

stability of future power networks. The specific tasks to address this objective

include:

• Detailed modelling of the specific dynamics introduced by power electronics con-

verters and stability analysis under weak grid conditions.

• Detailed modelling of control techniques based on the emulation of synchronous

generators and analysing their stability under weak grid conditions.

• Improve control algorithms for conventional converter topologies used in the

integration of RES. This includes high performance control systems featuring

robustness under weak grid conditions, voltage disturbances, etc.

• Improve the control algorithms for HVDC transmission systems used to intercon-

nect low inertia networks. This includes control algorithms that provide voltage

and frequency support and power oscillation damping.

• Evaluate the stability of MTDC networks and propose control algorithms for

VSCs operating in hybrid AC and DC networks.
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1.2 State-Of-The-Art

1.2.1 Methods for Stability Analysis: Overview

The stability of power systems can be evaluated by using small- and large-signal meth-

ods. The small-signal stability analyses are based on linearised models of the non

linear system around an operating point. The stability of such linearised model can

be evaluated using linear analysis tools such as eigenvalue-based or impedance-based

methods [87]. On the other hand, large-signal stability analysis are based on non

linear mathematical models and Lyapunov-based techniques are the most commonly

used [87]. However, the non linear methods are computationally complex and it is dif-

ficult to use them for large power systems based on power electronics converters. The

small-signal stability methods require less computation and they have gained popular-

ity for the analysis of power systems dominated by power electronics converters. The

most commonly used small-signal analysis approaches are the state-space modelling

and eigenvalue-based method, the impedance-based method [88, 89].

In the impedance-based method, the power system is split into two sub-systems

(typically named ”source” and ”load” sub-systems) at any given arbitrary point. As

shown in Fig. 1.5, Zs is the output impedance of the source sub-system and Zo is the

input impedance of the load sub-system. Then, the stability is analysed by evaluating

the impedance ratio Zo/Zs and applying the Nyquist criterion. According to this

criterion, the system is stable if, and only if, the curve of Zo/Zs does not encircle the

point (-1,0) in the S-plane [90, 91]. This method has been extensively used to analyse

the stability of a single power converter connected to the grid, splitting the system at

the PCC. Moreover, this method has proved to be to useful for the design of control

systems for power electronics converters and has gained popularity in recent years.

However, the impedance-based approach provides a limited observability of certain

states given its dependence on the point where the system is split for the evaluation.

Therefore, it is necessary to analyse the stability at different system points in order to

evaluate the impact of all the system states [88].

The eigenvalue-based method is used to evaluate the stability of electrical grids by

Source
subsystems

Load
subsystems

Zs Zo

vpis io

Figure 1.5: Equivalent source-load system used to applied the impedance-based

method.
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using a state-space model of the entire power network. According to this criterion,

the system is stable if, and only if, the real parts of the system eigenvalues are strictly

negative. This method has been extensively used to evaluate the stability of electric

power systems since it has a full view of the system states and it can be used to reveal

the damping and frequency of the dominant eigenvalues [92]. Unlike the impedance-

based approach, the eigenvalue-based analysis includes the impact of all the states and

represents a global stability analysis method.

However, small-signal models of VSCs for stability analysis typically do not con-

sider the implementation effects like dead-time or time-delay caused by the switching

process or discretization and quantization of the controller. In general, it is assumed

these effects have a negligible impact on the stability analysis. However, several au-

thors have highlighted the dead-time generates a distortion on the VSC output voltage

that has an impact on the VSC dynamics [93–96]. Similarly, time-delays are typically

neglected in small-signal models of VSCs, which are modelled as ideal voltage sources.

However, several works revealed that time-delays can have a significant impact on the

stability of VSCs, specially when LCL filters are used [97–100]. Therefore, a detailed

analysis of the impact of time-delays on the stability has been identified as a research

opportunity and has been studied in this thesis.

1.2.2 Back-to-Back Converters: Overview and Control

The Back-to-Back (BTB) converter is one of the most commonly used AC/DC/AC

power converter topologies for different industrial and power systems applications [94],

such as: drive systems for electrical machines [101], High Voltage Direct Current

(HVDC) systems [83, 102], Unified Power Quality Conditioners (UPQC) [103, 104], and

interfaces for RES integration [105], among others. The BTB converter is composed of

two VSCs that share a common DC-link providing a decoupling between the two AC

sides (see Fig. 1.6). The popularity of this power converter lies in its capacity to rapidly

manipulate bidirectional power flows between its two AC sides and its independent

control of both VSCs. The conventional control system used for BTB converter is

based on inner current controllers (green box in Fig. 1.6) and an outer DC-link voltage

controller (blue box in Fig. 1.6) in cascade configuration. One VSC operates as a

current/power controlled source, regulating the active power flow through the BTB

converter. The other VSC regulates the DC-voltage at a constant value by keeping

the active power balance at the converter. This control strategy is popular because

of the following reasons: the output current can be easily limited due to the inner

current controllers and that the current and voltage controllers in cascade configuration

can be designed separately if their time constants are sufficiently separated [106].

Unfortunately, in order to meet this condition, the outer DC-voltage controller has to
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Figure 1.6: Electrical and control diagram of the BTB converter connected between

two independent AC grids.

be significantly slower than the inner current control loop. This time-scale difference

implies a worse DC-voltage performance starting from the design stage. If the time

constants are not sufficiently distanced from each other, the current and DC-voltage

controllers interact and they cannot be designed separately.

However, fast control algorithms for power processing and DC-link regulation pro-

vide more stability to the DC-link resulting in a further reduction of the DC-link

capacitor size without affecting the performance of the converter. This reduction is

relevant and beneficial considering that the capacitors are normally bulky and expen-

sive. The need for higher power density in power converters leads to more compact

designs, reduced material use, and equipment cost [105]. Moreover, in case of the elec-

trolytic capacitors commonly used in the Back-to-Back applications, the capacitance

gradually decreases over time and their lifetime is considerably affected by the oper-

ating conditions [107]. In fact, electrolytic capacitors are one of the key components

that determine the lifetime of the whole converter and substantially are responsible

for converter failures [108]. The use of a fast DC-voltage control systems makes it

possible to reduce the size of the DC-capacitor enough to be implemented with plastic

film capacitors.

In order to achieve this goal, several authors have proposed control solutions to

achieve a fast regulation of the DC-link voltage in grid-connected VSCs. For example,

Merai et al. [109] proposed an DC-voltage control system based on an adaptive PI

controller. The gains of the PI controller were designed to have a fast and well damped

transient response, low harmonic distortion and high disturbance rejection. However,

the proposed control structure was based on the classical cascade configuration and the

outer DC-voltage controller should be slower than the inner current controller. Garcia-

Gonzalez et al. [110] proposed an improved DC-voltage controller for STATCOMs

based on a additional feed-foward term. This term compensates the active power
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consumed by the STATCOM output filter during reactive power transients by using an

estimation model. However, these control strategies were proposed for grid-connected

VSCs, although they can be applied to BTB converters.

Other authors have proposed high performance control strategies for BTB convert-

ers than can potentially lead to a reduction on the size of certain components. For

example, Jung et al. [111] proposed a control strategy for BTB drive system based on

feedback linearisation theory. The controller was derived by using a complete model

of the system that included the dynamics of the motor, the DC-capacitor and the in-

verter. Then, a non linear controller was designed to achieve the constant DC-voltage

regulation without being affected by the motor dynamics. This control structure was

also based on the cascade configuration but the feedback linearisation approach allowed

an improved DC-voltage regulation. Zhang et al. [112] proposed a quasi-centralised

control strategy for a BTB converters feeding a load based on a finite control-set

model predictive control. With this control strategy, the DC-voltage can be directly

controlled by the inner current controllers by using an dynamic reference generator.

With this approach, the power consumed by the load is estimated and fed-forward to

the current controller. However, this indirect control of the DC-link voltage cannot

provide a fast DC-voltage regulation. This power estimation approach is similar to

the one already presented in [110].

The existing control solutions for BTB converters in the literature rely on the

conventional cascade control configuration with additional power estimations or control

theory approaches that improve the DC-voltage regulation. Some of these approaches

like [111], improve considerably the performance of the system but they require a

detailed model of the system including the load that is not always known in detail.

However, the use of the cascade control configuration inherently limits performance

of the DC-link voltage regulation due to the time-scale separation between control

loops. Therefore, the application of advanced control solutions that do not rely on the

cascade control configuration has been identified as a research opportunity and it has

been studied in this thesis.

1.2.3 Virtual Synchronous Machines: Overview and Control

With the substitution of conventional thermal generation units by RES based on power

electronics converters, power systems operators are increasingly requesting frequency

and voltage support from RES generators in order to safeguard the system stability.

In recent years, the VSM concept has gained popularity as it can provide a solution

to these objectives and offer a smooth integration of RES to power systems.

Fig. 1.7 shows VSM formulation proposed by Roldán-Pérez et al. [65]. In its basic

configuration, the VSM controller can be divided in two parts: the frequency/active
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Figure 1.7: Electrical and control diagram of a VSM formulation

power controller emulating the VSM mechanical shaft (blue dotted box) and, the re-

active voltage/reactive power controller emulating the VSM virtual flux control (green

dotted box). In this case, the controller is implemented in a Synchronous Reference

Frame (SRF) synchronised to the VSM virtual shaft. The VSM controller is imple-

mented without internal current and voltage controllers and the VSM output voltage

(vdqS ) is directly sent to the modulator. This is the most basic VSM formulation and

it is typically known as direct emulation of synchronous machines. However, syn-

chronous machine emulation without internal controllers has several implementation

issues. The main drawback is that the VSC output current is not controlled in a

closed-loop and it cannot be limited during voltage sags and/or other severe voltage

disturbances. This can lead to undesired transient over-currents, possibly damaging

the power converter [113]. Other issues are related to the power quality of VSM

currents, operation during voltage sags and transitioning between operation modes.

To overcome these issues, several authors have proposed modifications to this basic

formulation [78, 114–117].

Currently, the most common approach to the VSM controller implementation is to

use inner current and voltage control loops because it implicitly solves current limiting

and other issues. This approach is attractive for high-power applications. Following

this approach, the VSM controller can be implemented with a current and voltage

controller in cascade configuration, so called Voltage-Controlled VSM (VC-VSM), or

just with a current controller, so called Current-Controlled VSM (CC-VSM). However,

the use of inner controllers can have an impact on the VSM transient performance.

As VSM has non-linear dynamics and the design of its control parameters is not



16 Chapter 1. Introduction

Cdc1

v 2

AC network 2

G2

s

Cdc2

AC network 1

v 1si 1
VSC

controller

O

vpcc1
i 2O

vpcc2

VSC2

DC

AC

DC line

VSC1

AC

DC
G1

DC voltage

controller

VSC
controller

DC voltage

controller
vdc1 vdc2

Figure 1.8: Electrical and control diagram of an HVDC interconnection between two

AC networks.

trivial [118]. Moreover, the stability of the VSM closed-loop dynamics needs to be

analysed for all possible scenarios, applications and operating conditions. For exam-

ple, Ma and Zhong [119] proposed a VSM-based control scheme for a wind turbine

connected to the grid via a BTB converter, making it equivalent to a generator-motor-

generator system and without degrading the operation of the wind turbine. Other

examples can be seen in [117, 120], where VSM-based controllers where proposed for

an HVDC link and an MTDC network. Both papers addressed stability issues and

the design of the VSM parameters. In [121], a detailed study of the stability limits for

distribution networks dominated by power converters operating as VSMs is presented.

In this analysis, the impact of different VSM parameters on the system stability were

analysed by using eigenvalue and bifurcation theory.

There are many existing research studies evaluating the use of VSM-based con-

trollers in different applications and their impact on the system stability. However, a

systematic approach to design of the VSM control parameters connected to weak grids

has not been yet addressed. Therefore, this gap has been identified as a research op-

portunity and has been studied in this thesis. This scenario is of a particular interest

as in majority of cases RES are located in remote locations and have to be connected

to the main grid by using long distribution lines, creating weak interconnections.

1.2.4 Control of HVDC-links for Grid Stability Enhancement

In order to compensate for inevitable reduced equivalent system inertia in future net-

works some authors have proposed specific control strategies for VSC-HVDC intercon-

nections based on the VSM concept and the inertia emulation [120, 122–124]. This has

been an attractive control approach since power systems are inherently designed to

operate with synchronous generators. Moreover, if their control parameters are prop-

erly set, such converters can contribute to the power system stabilisation. However,
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the conventional control structure used for VSC-HVDC links imply a cascade con-

trol configuration based on an inner power/VSM controller and an outer DC-voltage

controller (see Fig. 1.8). This control configuration allows an independent design of

both controllers if their time constants are sufficiently separated. Unfortunately, this

condition implies the time constant of the DC-voltage control has to be in the same

time scale (or slower) than that related to the VSM dynamics. However, this situation

leads to an undesired slow regulation of the DC-link voltage threatening the system

stability.

Other authors have highlighted the potential of VSC-HVDC transmission links

for the oscillation damping in emerging power system configurations. For example,

Zeni et al. [125] proposed a guideline for control parameter tuning in order to damp

the oscillations in VSC-HVDC links connected to offshore wind-farms. Moreover,

the authors evaluated the impact of practical implementation effects like communica-

tion delays or ramp-rate limitations, which are commonly neglected on the literature.

In [126], a supplementary controller based on Heuristic Dynamic Programming (HDP)

was introduced for POD of inter-area modes. The method provides accurate results,

but it is computationally intensive. The tuning of control parameters requires an

intensive pre-training process under different operation conditions and disturbances.

Other authors focused on control strategies for POD by using Wide Area Measurement

Signals (WAMS) [127–129]. These control strategies showed satisfactory performance,

but the requirement for fast communication links increases the system complexity and

reduces reliability [130].

In order to avoid the use of fast communication systems between the VSC-HVDC

terminals, some authors have proposed the use of the DC-link voltage to coordinate

the inertia/frequency support of the VSC-HVDC terminals. One of the first attempts

that used the DC-link voltage to transmit information between terminals was intro-

duced by Phulpin [131]. The author proposed a communication free control system for

HVDC-links connected to offshore wind farms. The controller allowed the wind gen-

erators to provide inertia support to the mainland network by using the VSC-HVDC

interconnection.

Recently, several authors have proposed specific control strategies for HVDC and

MTDC systems to provide frequency support and/or inertia emulation via coordinated

DC-voltage regulation [132]. In particular, Rouzbehi et al. [133] proposed a control

system that allows sharing of inertia between AC systems coupled by MTDC links. The

control scheme provided a virtual coupling between AC networks, allowing cooperative

frequency regulation against disturbances. However, the use of HVDC-links to provide

virtual coupling of lightly-damped AC systems and damping of low-frequency power

oscillations has not been yet addressed. Thus, this possible application was identified

as a research opportunity and has been studied in this thesis.
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1.2.5 Stability and Control of MTDC Networks: Overview

With the increased penetration of RES new challenges arise for the design and oper-

ation of power systems because of the uncontrolled, variable and intermittent char-

acteristics of RES generators and the increasing uncertainty of the demand. MTDC

networks have been identified as an effective approach for a smooth integration of

RES to power systems, improving the flexibility and controllability of these genera-

tors. However, it has been recognised that power converters in hybrid power networks

can interact between each other and power management control strategies represent

the most critical operational aspect [44, 134].

The problem of managing power electronics converter in hybrid systems has been

studied for different applications and some specific control solutions have been pro-

posed. Renedo et al. [135] proposed an active power control strategy for multi-terminal

HVDC systems and analysed the impact of such control scheme on the transient stabil-

ity of the AC system. However, the impact of the DC-network voltage control on the

stability was not considered. Lu et al. [136] proposed a hierarchical control structure

for hybrid microgrids based on power electronics interfaces that provide decoupled

control dynamics between the different levels. Li et al. [38] proposed an Enhanced Dy-

namic Stability Control (EDSC) for low-inertia hybrid microgrids that coordinates the

response of distributed ESSs to share power disturbances. However, the interactions

of diesel generators and distributed ESSs was not investigated.

Other authors have proposed specific modelling approaches for the stability analysis

of hybrid systems. Karawita et al. [137] proposed a small-signal modelling approach

for transmission systems with HVDC links that is suitable for the analysis of torsional

oscillations and HVDC interactions. Li et al. [45] analysed the small-signal stability of

an islanded hybrid microgrid and proposed a droop-based control scheme to coordinate

the operation of both AC and DC networks. Similarly, Prieto-Araujo et al. [138]

studied the impact of the control parameters on the stability of multi-terminal DC

grids in offshore wind-farm applications, and proposed a methodology to design a

droop controller based on the stability analysis.

It can be seen that there have been several research studies analysing the stability

of hybrid power systems for different applications. However, the modelling, analysis

and control design of MTDC grids with ESS for railway systems has not been further

explored.

1.3 Main Contributions of the Thesis

The main objective of the thesis has been to investigate and improve the control of

the power electronics interfaces in order to safeguard the stability of power systems.

The principal contributions of the thesis can be summarised as follows:



Chapter 1. Introduction 19

• The common and differential power concepts have been introduced and a power-

based modelling approach proposed to aggregate the AC and DC dynamics of

hybrid systems such as BTB converters and HVDC interconnections. The pro-

posed power representation provides a simple and physical interpretation of the

power flow in the DC link, which has been also used to develop the control of

such hybrid systems.

• A full-state feedback controller for a BTB converter based on the common- and

differential power concepts has been proposed. This controller features a fast

control of active and reactive powers and a stiff regulation of the DC-capacitor

voltage. The control robustness has been tested against the variations of the

filter parameters, the DC capacitance, the grid inductance and the grid voltage

values. The controller has been experimentally validated under nominal opera-

tion, voltage sags, and connected to a weak grid, demonstrating its performance

and robustness.

• A control scheme based on the common- and differential-power concepts for

HVDC interconnections has been proposed to provide power oscillation damping

in asynchronous AC grids. It has been demonstrated that the proposed controller

has an effect equivalent to that of a mechanical friction coupling the two AC grids.

This virtual friction-based damping can effectively attenuate poorly damped

frequency oscillations.

• A detailed small-signal model of VSCs for the stability analysis of weak power

networks dominated by power converters has been proposed and the impact

of the implementation effects (time-delay and dead-time) has been analytically

investigated. The analysis of the dead-time effect revealed that it introduces

significant damping effect that is proportional to the converter current. The

analysis of the time-delay revealed that it has a significant impact on the closed-

loop stability of the converters.

• A small-signal modeling and control design procedure for VSM with virtual

impedance connected to a weak grid has been presented. The VSM stability

limits have been analytically investigated and it has been shown that, depending

on the network conditions, it is insufficient to use only the VSM parameters

to achieve the desired frequency response specifications. The benefits of using

virtual impedance under weak grid conditions have been presented.

• A small-signal modelling of VSCs connected to a common DC-busbar network

has been presented. The impact of the droop gains on the system stability has

been analytically investigated and the theoretical stability limits provided.
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1.4 Thesis Outline and Principal Results

The thesis is divided into four journal papers and one conference paper describing the

fundamental advances.

Paper 1: “Full-State Feedback Control of Back-to-Back Converters Based

on Differential and Common Power Concepts”

This paper presents a full-state feedback controller for a back-to-back converter that

provides a fast control of active and reactive powers and a stiff regulation of the DC-

capacitor voltage. A power-based modelling approach based on the differential- and

common-power (current) concepts are introduced. By using this modelling approach,

the LCL filter and DC-capacitor dynamics can be aggregated in a single state-space

model. The proposed modelling approach allows the design of a single state-feedback

controller based on the LQR theory that takes into account the dynamics of both the

LCL filters and the DC capacitor at the same time. The proposed controller has been

used to achieve fast control of active and reactive powers and a stiff regulation of the

DC-capacitor voltage at the same time. The robustness of this controller to variations

of the grid inductance, the filter parameters and the DC capacitor values are studied.

The analysis revealed that controller is robust against variations on this parameters.

Also, a current reference generation and limiting system is proposed and a detailed

analysis of the DC capacitor dynamics and power stored in the connection filters are

presented.

This paper has been published in the journal IEEE Transactions on Industrial Elec-

tronics [139] and presented at the IEEE Energy Conversion Congress and Exposition

(ECCE 2016) [140].

Paper 2: “Coupling of AC Grids via VSC-HVDC Interconnections for Os-

cillation Damping based on Differential and Common Power Control”

This paper presents a control scheme for HVDC interconnections that provides oscil-

lation damping capabilities in asynchronous AC grids. The HVDC link is modelled

by using the differential- and common-power concepts, which allows an independent

control of the DC-link voltage and the net power transfer between AC grids. The

proposed controller introduces a virtual electro-mechanical effect which is equivalent

to a mechanical friction coupling the inertial dynamics of the two AC grids. This

virtual friction controller provides frequency support as well as POD of area oscilla-

tion modes (intra-area oscillations) at both sides of the HVDC link without relying

on fast communications between the link terminals. The impact of the virtual friction

effect on the stability is analysed analytically by using a simplified model composed
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of two rotating masses coupled by a mechanical friction. Moreover, the impact of the

local oscillation modes of the AC grid on the POD capability of the virtual friction

controller is evaluated as well as the impact of the DC-line resistance.

This paper has been published in the journal IEEE Transactions on Power Elec-

tronics [141] and presented at the IEEE Energy Conversion Congress and Exposition

(ECCE 2019) [142].

Paper 3: “Analysis of Dynamic Properties of VSCs Connected to Weak

Grids including the Effects of Dead-Time and Time Delays”

This chapter presents a detailed small-signal model of voltage source converters con-

nected to weak grids. The proposed modelling approach includes effects such as dead-

time and computational time-delays caused by the digital implementation and the

switching process. The impact of the dead-time effect on the converter small-signal

model is evaluated for different operating points, revealing that it produces a damping

effect related to the output current level delivered by the converter. The analysis of

the time-delay revealed that it has a significant impact on the converter stability and

should be included in the small-signal model, especially if LCL filters are used. In

this chapter, it will be shown that the Singular Value Decomposition (SVD) analysis

can effectively predict harmonic oscillations and frequency ranges in which inputs are

prone to produce network resonances.

This paper has been published in the journal IEEE Transactions on Sustainable

Energy [143] and presented at the 42nd Annual Conference of the IEEE Industrial

Electronics Society (IECON 2016) [31].

Paper 4: “Virtual Impedance Design Considerations for Virtual Synchronous

Machines in Weak Grids”

This paper presents a novel control method for the design of control parameters for

a VSM with added virtual impedance connected to a weak grid. In order to do so,

the VSM and virtual impedance are modelled, linearised and added to the small-

signal model of the grid. The VSM stability limits are evaluated analytically by using

eigenvalue and SVD analyses. The impact of the VSM parameters on the dominant

closed-loop eigenvalues is evaluated. The analysis revealed that depending on the grid

conditions, to achieve the desired transient response it may be insufficient only to tune

the VSM parameters. The analysis of the virtual impedance revealed that it is capable

of providing additional degrees of freedom that can be effectively used to mitigate the

impact of the grid conditions. The impact of the grid impedance (inductive and

resistive) on the small-signal model is presented. Based on these results, the paper

presents a practical guide to the design of the VSM and virtual impedance parameters.
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This paper has been published in the journal IEEE Journal of Emerging and Se-

lected Topics in Power Electronics [144] and presented at the IEEE International

Conference on Renewable Energy Research and Applications (ICRERA 2017) [145].

Conference 1: “Small-Signal Modelling and Control Design of VSCs in

Multi-Terminal Railway Applications”

This paper presents a small-signal modelling and stability analysis of VSCs in multi-

terminal DC (MTDC) networks with energy storage system for railway applications.

The VSCs were modelled independently, including the dynamics properties of output

filters and control systems, while the common DC-busbar was modelled as an equiv-

alent capacitor that aggregates the total capacitance of the DC-link. These models

were linearised and joined together to form a single small-signal state-space model,

including the interactions between VSCs thought the common DC-link. The stability

of the MTDC system is studied by using eigenvalue analysis. The impact of the droop

gains on the stability of the MTDC system is studied by using the eigenvalue analysis,

revealing the theoretical limits of the stable operation of the system.

This paper has been presented at the IEEE Energy Conversion Congress and Ex-

position (ECCE 2018) [146]. The contents of this chapter will be included in a book

chapter (already accepted) that is currently under development.



Chapter 2.

Conclusions and Suggestions for

Further Research

The objective of this thesis is to evaluate and investigate the impact of a large-scale

RES integration to power systems that uses power electronics interfaces and to pro-

pose control solutions that allow an effective and reliable integration of such energy

sources. In order to fulfil this objective, this thesis addressed the integration issues

from different points of view. An alternative power-based modelling approach based

on the common- and differential power concepts have been proposed. These concepts

have been used to develop a state-feedback controller for BTB converters in order to

provide fast power control and stiff DC-link voltage regulation. Also, these concepts

have been used to develop a control scheme for HVDC interconnections that can ef-

fectively damp low-frequency electro-mechanical oscillations abolishing the need for

fast communications. A detailed small-signal modelling and stability analysis of VSCs

connected to weak grids has been presented and the impact of the implementation

effects (time-delay and dead-time) has been studied analytically. A small-signal mod-

elling and control system design procedure for VSM with virtual impedance have been

proposed. A small-signal modelling of VSCs connected to a MTDC network has been

presented and the impact of the control parameters on the system stability has been

evaluated analytically.

2.1 Main Contributions

The original contributions of the thesis are summarised as follows:

• The concepts of common- and differential-power have been introduced and a

power-based modelling approach has been proposed to aggregate the AC and

DC dynamics of BTB converters.

23
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• A full-state feedback controller for BTB converters based on the common- and

differential-power concepts has been proposed to achieve fast control of active

and reactive powers and a stiff regulation of the DC-link voltage.

• A virtual friction controller based on the common- and differential-power con-

cepts for HVDC interconnections has been introduced to attenuate poorly damped

frequency oscillations observed at the HVDC terminals.

• An integrated small-signal model of VSCs connected to weak grids that includes

implementation effects related to dead-time and time delay has been proposed

and the impact of these effects on the accuracy and stability of power converters

has been analysed.

• A detailed dynamic modelling and control design procedure for VSMs with vir-

tual impedance connected to weak grids have been presented.

• A small-signal modelling and stability analysis of VSCs connected to a common

DC-busbar forming a MTDC network have been presented and the impact of

the DC-voltage control gains on the stability of the system has been analysed.

2.2 Conclusions

The principal conclusions obtained in the development of this thesis are classified and

summarised as below:

• It has been shown that the control of the differential and common powers instead

of the conventional power variables provides a fast and decoupled control of the

active power exchanged between the AC grids and the DC voltage.

• Unlike conventional control strategies based on inner and outer controllers in

cascade configuration, the full-state BTB modelling allows the design of a single

controller. In the cascade configuration, the DC-voltage controller has to be sig-

nificantly slower than the AC current control loop, which limits the performance

of the DC controller. The proposed modelling and control approach avoids such

time-scale difference, allowing a significantly faster DC-voltage regulation.

• It has been shown that the LQR-based full-state feedback controller is robust

against filter parameter and grid impedance variations and it can withstand large

voltage sags.



Chapter 2. Conclusions and Further Research 25

• It has been shown that the differential and common power concepts can be

applied to other power electronics converters such as point-to-point HVDC in-

terconnections. Moreover, these power concepts show clear advantages for the

power flow representation in a HVDC connection.

• The proposed HVDC controller has been parametrised so that the equivalent

virtual friction represents one of the controller gains, providing a clear physical

meaning.

• It has been demonstrated that the proposed virtual-friction controller is equiva-

lent to a proportional-derivative controller applied to the DC-link voltage. How-

ever, an explicit derivative action is not required, making it more suitable for

power electronics applications.

• The detailed modelling and stability analysis of VSCs including implementation

effects has revealed that the dead-time effects, frequently ignored in the stability

analysis of power converters, produce a significant damping effect. Moreover, is

has been shown that the time-delay effects should not be neglected, specially if

LCL filters are used.

• The SVD analysis was applied to study the frequency-response properties of

electrical networks. It has been shown this method is an effective tool for finding

possible network resonances.

• The stability analysis of current-controlled VSCs in weak grids has demonstrated

that both feedback control strategies, the grid-current and the converter-current

control, lead to similar robustness results if the controllers are designed properly.

• It has been shown that that VSMs can withstand large grid inductance varia-

tions, while resistive grids can jeopardize the closed-loop stability.

• It has been shown the network conditions (equivalent grid impedance) have an

impact of the VSM stability limits and dynamic performance. Moreover, the

theoretical analyses have demonstrated that the use of only the VSM control

parameters to achieve the desired transient and frequency response specifications

may be insufficient under weak grid conditions.

• The theoretical analyses have revealed that virtual impedance can help improve

the transient response of VSM, adding more control parameters that can be

adjusted. Moreover, it has been shown that virtual inductance and resistance

can take negative values that can help cancel the weak grid effects.
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• It has been shown that droop gains that are used to share the regulation of the

DC voltage on DC-link in MTDC networks have a great impact on the stability

of the system.

2.3 Suggestions for Further Research

The results obtained in this thesis open the following research opportunities:

1. The full-state feedback controller presented in Paper 1 provides a stiff regulation

of the DC-link voltage and, as a consequence, the DC capacitance can be reduced.

Therefore, further research could include the analysis of the reduction of the DC

capacitance and its techno-economical benefits.

2. The controller presented in Paper 1 was based on a state-feedback control scheme

and its gains were obtained by solving a discrete Linear Quadratic Regulator

(LQR) problem. Future research could include the implementation of other

control methodologies such as Model Predictive Control (MPC) taking further

advantage of the proposed full-state BTB modelling approach.

3. The full-state feedback controller presented in Paper 1 required all state-variables

(filter currents and voltages, and DC-link voltage) in order to calculate the com-

mand signals of the BTB converter. Future research may include the use of a

state-estimator to reduce the number of measurements.

4. The virtual friction controller presented in Paper 2 was used to provide POD

from a point-to-point HVDC-link connecting two asynchronous AC grids. Future

studies could include further evaluation of the proposed control technique for

damping inter-area oscillations explicitly represented in more complex power

system models. Other relevant further developments may include the extension

of the proposed control concept to application in multi-terminal systems, and

the evaluation of the performance when implemented for Modular Multilevel

Converters (MMCs).

5. The small-signal model and stability analysis presented in Paper 3 were used to

study the impact of implementation effects on the stability of power converters

under weak grid conditions. The main grid was modelled as an ideal voltage

source and an equivalent impedance representing the power network topology.

Future research may include the modelling and analysis of more complex grid

models, such as: microgrids and low inertia power networks, parallel operation

of power converters in weak grids and meshed power network topologies.
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6. The analysis and control design guidelines presented in Paper 4 were used to eval-

uate the impact of weak grids on the stability of VSMs with virtual impedance.

Future research may include the analysis of other VSM formulations that are

more robust against weak grid conditions, parallel operation of several VSMs in

weak grids.

7. The stability analyses presented in Paper 4 considers the grid as an infinite bus

(ideal voltage source). However, it could be of interest to analyse the impact of

low-inertia power networks such as microgrids on the stability of the VSM and

to evaluate the possible benefits of using the VSM parameters to improve the

grid stability.

8. The control design guidelines presented in Paper 4 consider the impact of the grid

impedance on the dynamics of the VSM while the grid voltage was considered as

an ideal voltage source. Future research may include the performance evaluation

of a VSM connected to a distorted grid and analyse the impact of voltage sags

and harmonics on the VSM stability.

2.4 Publications

2.4.1 Journal Papers

Research work included in this thesis has given rise to four JCR-indexed journal papers:

1. A. Rodŕıguez-Cabero, M. Prodanović and J. Roldán-Pérez, “Analysis of Dy-

namic Properties of VSCs Connected to Weak Grids including the Effects of

Dead-Time and Time Delays,” in IEEE Transactions on Sustainable Energy,

vol. 10, no. 3, pp. 1066–1075, July 2019.

2. A. Rodŕıguez-Cabero, J. Roldán-Pérez and M. Prodanović, “Full-State Feedback

Control of Back-to-Back Converters Based on Differential and Common Power

Concepts,” in IEEE Transactions on Industrial Electronics, vol. 66, no. 11, pp.

9045–9055, Nov. 2019.

3. A. Rodŕıguez-Cabero, J. Roldán-Pérez and M. Prodanović, “Virtual Impedance

Design Considerations for Virtual Synchronous Machines in Weak Grids,” in

IEEE Journal of Emerging and Selected Topics in Power Electronics, early ac-

cess, 2019.

4. A. Rodŕıguez-Cabero, J. Roldán-Pérez, M. Prodanović, Jon Are Suul and Sal-

vatore D’Arco, “Coupling of AC Grids via VSC-HVDC Interconnections for Os-
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cillation Damping based on Differential and Common Power Control,” in IEEE

Transactions on Power Electronics, early access, 2019.

In addition, the author of this thesis collaborated actively in:

5. J. Roldán-Pérez, E. J. Bueno, R. Peña-Alzola , M. Prodanović and A. Rodŕıguez-

Cabero, “All-Pass-Filter-based Active Damping for VSCs with LCL Filters Con-

nected to Weak Grids,” in IEEE Transactions on Power Electronics, vol. 33, no.

11, pp. 9890–9901, Nov. 2018

6. J. Roldán-Pérez, A. Rodŕıguez-Cabero and M. Prodanović, “Harmonic Virtual

Impedance Design for Parallel-Connected Grid-Tied Synchronverters,” in IEEE

Journal of Emerging and Selected Topics in Power Electronics, vol. 7, no. 1, pp.

493–503, March, 2019.

7. J. Roldán-Pérez, A. Rodŕıguez-Cabero, M. Ochoa-Gimenez, A. Garćıa-Cerrada

and J. L. Zamora-Macho, “Discrete-Time Resonant Controllers Design for Power

Conditioning Applications,” in Electric Power Systems Research, vol. 164, pp.

31–38, Nov. 2018.

8. J. Roldán-Pérez, A. Garćıa-Cerrada, A. Rodŕıguez-Cabero and J. L. Zamora-

Macho, “Comprehensive Design and Analysis of a State-Feedback Controller for

a Dynamic Voltage Restorer,” in Energies, vol. 11, no. 8 an. 1972, July, 2018.

9. J. Roldán-Pérez, M. Prodanović, A. Rodŕıguez-Cabero, J. M. Guerrero and A.

Garćıa-Cerrada, “Finite-Gain Repetitive Controller for Harmonic Sharing Im-

provement in a VSM Microgrid,” in IEEE Transactions on Smart Grid, vol. 10,

no. 6, pp. 6898–6911, Nov. 2019

10. J. Roldán-Pérez, A. Rodŕıguez-Cabero, M. Prodanović, “Parallel current-controlled

synchronverters for voltage and frequency regulation in weak grids,” in The Jour-

nal of Engineering, vol. 2019, no. 17 pp. 3516–3520, June, 2019.

11. J. Roldán-Pérez, A. Rodŕıguez-Cabero, M. Prodanović, “Design and Analysis of

Virtual Synchronous Machines in Inductive and Resistive Weak Grids,” in IEEE

Transactions on Energy Conversion, vol. 34, no. 4, pp. 1818–1828, Dic. 2019.

2.4.2 Conference Papers

Research work included in this dissertation has been presented in national and inter-

national conferences, giving rise to nine conference papers:
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1. A. Rodŕıguez-Cabero, F. H. Sánchez and M. Prodanović, “A unified control of

back-to-back converter,” in IEEE Energy Conversion Congress and Exposition

(ECCE), Milwaukee, WI, 2016, pp. 1–8.

2. A. Rodŕıguez-Cabero and M. Prodanović, “Stability analysis for weak grids with

power electronics interfaces,” in IECON 2016 - 42nd Annual Conference of the

IEEE Industrial Electronics Society, Florence, 2016, pp. 2402–2407.

3. A. Rodŕıguez-Cabero, M. Prodanović, “A Unified Modelling Approach for the

Simultaneous Control of Back-to-Back Converters in Grid-Connected Appli-

cations,” in Seminario Anual de Automática, Electrónica Industrial e Instru-

mentación SAAEI 2017, Valencia, Spain, July 2017.

4. A. Rodŕıguez-Cabero, M. Prodanović, “Stability Analysis for Weak Meshed

Networks with Power Electronics-Based Distributed Generation,” in 43nd An-

nual Conference of IEEE Industrial Electronics Society (IECON) 2017, Beijing,

China, pp. 1569–1574, 2017.

5. A. Rodŕıguez-Cabero, J. Roldán-Pérez, and M. Prodanović, “Synchronverter

small-signal modelling and eigenvalue analysis for battery systems integration,”

in 2017 IEEE 6th International Conference on Renewable Energy Research and

Applications (ICRERA), Nov 2017, pp. 780–784, 2017.

6. A. Rodŕıguez-Cabero, M. Prodanović, “Stability Analysis for Weak Meshed

Networks with Power Electronics-Based Distributed Generation,” in Seminario

Anual de Automática, Electrónica Industrial e Instrumentación SAAEI 2018,

Barcelona, Spain, July 2018.

7. A. Rodŕıguez-Cabero, J. Roldán-Pérez and M. Prodanović, “Small-Signal Mod-

elling and Control Design of VSCs in Multi-Terminal Railway Applications,”

in 2018 IEEE Energy Conversion Congress and Exposition (ECCE), Portland

(OR), USA, Sep 2018, pp. 2222–2227, 2018.

8. A. Rodŕıguez-Cabero, J. Roldán-Pérez and M. Prodanović, “Análisis de una

Máquina Śıncrona Virtual con Impedancia Virtual Conectada a una Red Débil,”

in Seminario Anual de Automática, Electrónica Industrial e Instrumentación

SAAEI 2019, Córdoba, Spain, July, 2019.

9. A. Rodŕıguez-Cabero, J. Roldán-Pérez, M. Prodanović, Jon Are Suul and Sal-

vatore D’Arco, “Virtual Synchronous Machine Control of VSC HVDC for Power

System Oscillation Damping,” in 2019 IEEE Energy Conversion Congress and

Exposition (ECCE), Maryland, USA, 2019.
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Pérez, “A Rapid Prototyping Environment for DC and AC Microgrids: Smart
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Design for a Synchronverter-based Battery Interface Converter,” in 2017 IEEE
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Filter Active-Damping Design Considerations for Low-Switching-Frequency Grid-

Tied VSCs,” in 44th Annual Conference of IEEE Industrial Electronics Society

(IECON) 2018, Washington DC, USA, pp. 1315–1320, 2018.
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[113] J. Roldán-Pérez, A. Garćıa-Cerrada, J. L. Zamora-Macho, and M. Ochoa-
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Abstract—The back-to-back (BTB) converter is one of the
most popular converter topologies for the control of elec-
trical machines, power transmission systems, and power
quality applications. The conventional cascade control
structure is commonly used due to its simple design proce-
dure and reliable operation. However, the bandwidth of the
dc-link voltage controller has to be limited in order to avoid
instability issues and be restrictive in high-performance ap-
plications. This paper presents a differential- and common-
current (power)-based state-feedback control for BTB
converters. This controller features a fast control of active
and reactive powers, and a stiff regulation of the dc-link
voltage. A theoretical analysis of the proposed controller
along with a strategy for current limiting is presented. Its
robustness was tested against variations of the filter param-
eters, the dc capacitance, the grid inductance, and the grid
voltage values. The controller was experimentally validated
under nominal operation, voltage sags, and connected to a
weak grid by using a 15-kVA BTB converter in a laboratory
test network.

Index Terms—Current control, dc–ac power converters,
power control, state feedback, voltage control, voltage fluc-
tuations.

I. INTRODUCTION

THE back-to-back (BTB) converter is broadly used in indus-
trial and power systems applications [1], such as control

of electrical machines [2], high voltage direct current (HVdc)
systems [3], and unified power quality conditioners (UPQC)
[4], among others. Some of these applications demand high-
performance controllers in order to operate under faults, voltage
sags, or weak-grid conditions. The conventional control system
used in BTB converters is based on an inner ac-current controller
and an outer dc-voltage controller [5]. This control strategy is
very popular for two main reasons: the output current can be
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easily limited, and both controllers can be designed separately
if their time constants are sufficiently separated [6]. Unfortu-
nately, this condition assumes that the dc controller has to be
slower than that of the ac current.

Different control solutions have been proposed to achieve
a fast regulation of the dc voltage in grid-connected con-
verters. Merai et al. [7] have recently proposed an improved
dc-voltage control strategy based on an adaptive proportional-
integral (PI) controller. The controller gains are tuned to min-
imize dc-voltage transients and the current total harmonic dis-
tortion (THD) by taking into account the operating conditions.
Garcı́a-Cerrada and Garcı́a-Cerrada [8] proposed an improved
dc-voltage control for STATCOMs based on a feedforward
term. This additional term compensates the power consumed
by the output filter, which was estimated by using a model.
Almeida et al. [9] proposed a detailed discrete-time model that
includes both ac and dc dynamics of a grid-connected pho-
tovoltaic system. Based on this model, the current and dc-
voltage controllers were proposed to improve the transient per-
formance and the solution was experimentally validated. Ax-
ente et al. [10] proposed an adaptive dc-link voltage controller
for an UPQC based on adjusting the amplitude-modulation ratio
of the pulsewidth modulation (PWM) signal. The effectiveness
of this controller was analyzed and successfully validated in
simulation.

Current controllers based on single-input-single-output tech-
niques, like PI and proportional-resonant (PR) controllers, rep-
resenting the two most popular control strategies. These con-
trollers are widely used because of their reduced control com-
plexity and the required number of sensors [11]. However, this
approach typically presents a poorly damped resonance that can
lead to undesired current oscillations. State-feedback control
techniques have been proposed to achieve high-performance
current controllers. Rodrı́guez-Cabero et al. [12] proposed
a state-feedback controller for a BTB converter based on a
unified model. This method was compared to the conven-
tional control scheme, demonstrating a superior performance.
Huerta et al. [11] proposed a state-feedback current controller
for an LCL-filtered voltage source converter (VSC) based on
a linear quadratic regulator (LQR) and a Kalman filter, and the
authors highlighted the advantages of this approach. A similar
control scheme was proposed by Ochoa-Gimenez et al. [13]
for the shunt and series compensators of a UPQC. The state-

0278-0046 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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feedback controller was used as the main controller, reducing
the cross-coupling between dq-axes and the filter resonance.

Several authors have proposed specific control strategies to
improve the performance of BTB converters. Jung et al. [14]
proposed a feedback linearization in order to control a BTB
converter with a small capacitor that was operated as a motor
drive. The proposed modeling procedure included the dc-link
capacitor, the inverter, and the load dynamics. A nonlinear con-
troller was designed for the grid-side inverter, achieving the
control objectives. Moharana and Dash [15] proposed a simi-
lar linearization technique for an HVdc-VSC link and a sliding
mode controller was chosen to make the system insensitive
to nonlinearities and variations in the HVdc parameters. Re-
cently, Zhang et al. [16] proposed a quasi-centralized control
strategy for BTB converters based on a finite-control-set model
predictive control, which was compared to a conventional non-
centralized controller. The proposed controller outperformed
the conventional one, but it was less robust to variations in the
system parameters. Gu and Nam [17] proposed a feedforward
compensation term that was added to the conventional BTB con-
troller in order to minimize the dc-capacitor current. By using
this strategy, the variations in the dc-link voltage were drasti-
cally reduced. Lee and Sul [18] proposed an active damping
stabilization technique for a BTB converter that was operated as
a motor drive. A state estimator was used to predict the dc-link
voltage and current and a virtual resistor was added to increase
the damping of the system. Maheshwari et al. [19] proposed
another stabilization technique based on a first-order high-pass
filter. This method introduced an active damping component
into the machine-side inverter that was linked to the dc-link
voltage ripple. Its impact on the machine currents and dc volt-
age was analyzed, and design recommendations were made.
Tang et al. [5] proposed BTB converters to interconnect micro-
grids, and they investigated the power balance and dc voltage
stability. A dynamic modification of the dc-link voltage ref-
erence was proposed to improve the dc voltage regulation. A
similar idea was proposed by Hu et al. [20] for a two-stage
grid-connected photovoltaic converter, and it was successfully
validated.

In this paper, a full-state feedback controller for a BTB
converter is proposed to provide a fast control of active and
reactive powers and a stiff regulation of the dc-capacitor volt-
age. A power-based modeling approach is proposed, and the
differential- and common-power (current) concepts are intro-
duced. This modeling approach allows the design of a state-
feedback controller based on the LQR theory that takes into
account the dynamics of both the LCL filters and the dc ca-
pacitor at the same time. The robustness of this controller to
variations of the grid inductance, the filter parameters, and the
dc capacitor values will be studied as well as the system perfor-
mance under voltage sags. Also, a current reference generation
and limiting system is proposed and a detailed analysis of the
dc capacitor dynamics and power stored in the connection fil-
ters is presented. The performance of the proposed controller
was experimentally tested on a 15-kVA BTB converter con-
nected to the laboratory test network and the results will be
presented.

II. BACK-TO-BACK CONVERTER: OVERVIEW

A. Power System Description and Application

Fig. 1 shows the electrical diagram of a BTB converter, which
consists of two VSCs (VSC1 and VSC2) with LCL filters that
share a common dc capacitor (Cdc). The output voltage of the
VSC1 is vs1 , iI1 is the inverter-side current, io1 is the grid-side
current, vcf 1 is the capacitor voltage, and vdc is the dc-capacitor
voltage. The same notation is used for the VSC2. The grid is
modeled with Lg and Rg .

Both VSCs operate as power-controlled sources that can in-
ject or absorb active (p) and reactive (q) power from the ac grids.
The control system is divided into three main parts: the state-
feedback controller, the reference generator, and the phase-
locked loop (PLL). Each VSC is synchronized to the d-axis
component of its point of common coupling (PCC) voltage
(vpcc1 and vpcc2 , respectively). In this paper, a full-state feed-
back controller with shared power references is proposed to
achieve an accurate control of the dc-link voltage. This feature
represents the main contribution of the paper

B. LCL Filter Modeling

The dynamic equations for the LCL filter of the VSC1 can
be represented in a synchronous reference frame by applying
the power-invariant Park’s transformation [21], yielding:

d

dt
xdq

f 1 = Af 1x
dq
f 1 + Bf 1v

dq
s1 + Bd

f 1v
dq
pcc1 (1)

idq
o1 = CIo1x

dq
f 1 (2)

with

Af 1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−RI

LI
ωs1 − 1

LI
0 0 0

−ωs1 −RI

LI
0 − 1

LI
0 0

1
Cf

0 0 ωs1 − 1
Cf

0

0 1
Cf

−ωs1 0 0 − 1
Cf

0 0 1
LO

0 −RO

LO
ωs1

0 0 0 1
LO

−ωs1
RO

LO

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)

Bf 1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
LI

0

0 1
LI

0 0

0 0

0 0

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Bd
f 1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0

0 0

0 0

0 0

1
LO

0

0 1
LO

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, xdq
f 1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

idI1

iqI1

vd
cf 1

vq
cf 1

ido1

iqo1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4)

CIo1 =
[
02×4 I2×2

]
(5)
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Fig. 1. Electrical diagram of a BTB converter with LCL filters that interconnect two electrical networks.

where I is the identity matrix, and ωs1 is the frequency estimated
by the PLL. The same notation is used for the state variables
and matrices of the VSC2 (i.e., vcf 2 and Af 2). In this paper,
the hardware components of both VSCs have the same value.
Nevertheless, the formulation and the procedure are general and
valid even if these values differ.

C. DC Capacitor Modeling

The dynamic equation that models the energy stored in the
dc capacitor of the BTB converter can be written as [8], [22]

Cdc

2

d

dt
v2

dc = −(pdc1 + pdc2) (6)

where pdc1 and pdc2 are the instantaneous active powers taken
from the dc capacitor by the VSC1 and VSC2, respectively. The
white arrows in Fig. 1 indicate the power criteria used in this
paper. The state variable is v2

dc, while the control inputs are pdc1

and pdc2 . It can be seen that the equation of the dc capacitor in (6)
cannot be directly used to obtain a linear full-state representation
of VSC1 and VSC2, because the relation with their LCL filters
in (1) is clearly nonlinear. In this paper, a linearized version of
(6) is proposed to link the dynamics of the two VSCs and this
will be studied in detail in Section III-A.

D. Differential and Common Power Concepts

Fig. 2(a) shows the conventional power balance representa-
tion of BTB converters, while Fig. 2(b) shows the proposed
power representation based on the common (pcm ) and differen-
tial (pΔ ) powers that are defined as

pcm = −(pdc1 + pdc2) (7)

pΔ = (pdc1 − pdc2)/2. (8)

The common power is directly related with the energy stored in
the dc capacitor [see (6)], while the differential power is directly
related with the power exchanged between the ac grids. In this
paper, the control of the differential (pΔ ) and common (pcm )

Fig. 2. (a) Conventional power representation of the dc-link. (b) Pro-
posed power representation based on the common- and differential-
mode concepts.

powers instead of pdc1 and pdc2 is proposed. It will be shown that
this alternative control strategy provides a fast and decoupled
control of the active power exchanged between the ac grids and
the dc voltage.

III. POWER-BASED MODELING APPROACH

A. Detailed DC Capacitor Modeling and Linearization

VSCs conduction losses are commonly taken into account
by using the parameter RI (see Fig. 1) so that the ac (ps1) and
dc (pdc1) powers are almost the same (neglecting the switching
losses and other secondary effects) [9]. Therefore, for VSC1

pdc1 ≈ ps1 = ppcc1 + pr1 + plcl1 (9)

where ppcc1 is the active power delivered to the PCC, pr1 is the
active power dissipated in the filter parasitic resistors (RI and
RO ), and plcl1 is the instantaneous active power absorbed by the
inductances and the capacitor of the LCL filter (LI , LO , and
Cf ). The same expression can be used to model the VSC2.
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The variables ppcc1 , pr1 , and plcl1 in (9) can be written in
terms of dq currents and voltages [23] as

ppcc1 = vd
pcc1i

d
o1 + vq

pcc1i
q
o1 (10)

plcl1 =
LI

2

(
d(idI1)

2

dt
+

d(iqI1)
2

dt

)
+

LO

2

(
d(ido1)

2

dt
+

d(iqo1)
2

dt

)

+
Cf

2

(
d(vd

cf 1)
2

dt
+

d(vq
cf 1)

2

dt

)
(11)

pr1 = RI ((i
d
I1)

2 + (iqI1)
2) + Ro((i

d
o1)

2 + (iqo1)
2). (12)

The power terms in (10)–(12), and the dc-capacitor equation in
(6) can be linearized and merged (the detailed procedure can be
found in Appendix A), yielding

d

dt
Δv2

dc =
−2

Cdc
(CV

pcc1Δidq
o1 + CV

pcc2Δidq
o2︸ ︷︷ ︸

Δppcc

+f1 + f2) (13)

where CV
pcc1 and CV

pcc2 are matrices related to the active power
delivered to the PCC (Δppcc) that are defined in (54)–(56). The
terms f1 and f2 include the active power dissipated and stored
in the LCL filters (pr and plcl, respectively). The effect of these
terms will be studied in Section VI-B.

B. Shared Power Control

For control purposes, it is commonly assumed that the active
power delivered to the grid is similar to the active power taken
from the dc capacitor [8]. Therefore, under balanced conditions,
the differential power can be approximated as

pΔ ≈
(
V d

pcc1i
d
o1 − V d

pcc2i
d
o2

)
/2 (14)

where V d
pcc1 and V d

pcc2 are the steady-state values of the d-axis
PCC voltages. In order to control the power transferred between
the ac grids (pΔ ), the following linear combination of currents
has been introduced and defined:

iΔ =
(
ido1 − ido2

)
/2 (15)

where iΔ will be called “differential current.” It is worth pointing
out that the differential power and current in (14) and (15) should
be calculated in per-unit when the nominal values of the ac grids
are not the same.

The potential of representing the differential power in terms
of iΔ is highlighted when the PCC voltages has the same value
(V d

pcc1 = V d
pcc2 = V d

pcc). For this particular case

pΔ = V d
pcciΔ . (16)

In Section V, the representation of pΔ when the PCC voltages
are not the same is studied and a solution is provided. Also, it will
be shown that the use of iΔ as the controlled variable provides
a decoupled control of the active power exchange between the
ac grids and the dc-link voltage. However, in this case, there
is no direct control over ido1 and ido2 , and this poses a problem
since the currents cannot be limited. A current limiting and
reference generation system will be presented in Section V to
overcome this drawback.

IV. FULL-STATE BTB MODELING AND CONTROL

A. Aggregated BTB Model

The linearized model of the energy stored in the dc capacitor
in (13) can be used to link the dynamics of VSC1 and VSC2,
yielding

d

dt
xdq

btb = Abtbx
dq
btb + Bbtbv

dq
s + Bd

btbv
dq
pcc (17)

where

Abtb =

⎡
⎢⎢⎣

Af 1 06×6 06×1

06×6 Af 2 06×1

− 2(Cx 1 +C V
pcc1 CI o 1 )

Cd c
− 2(Cx 2 +C V

pcc2 CI o 2 )

Cd c
0

⎤
⎥⎥⎦

(18)

Bd
btb =

⎡
⎢⎢⎣

Bd
f 1 06×2

06×2 Bd
f 2

− 2CV pcc1

Cd c
− 2CV pcc2

Cd c

⎤
⎥⎥⎦, Bbtb =

⎡
⎢⎢⎣

Bf 1 06×2

06×2 Bf 2

− 2CV s 1

Cd c
− 2CV s 2

Cd c

⎤
⎥⎥⎦

(19)

xdq
btb =

⎡
⎢⎢⎣

Δxdq
f 1

Δxdq
f 2

Δv2
dc

⎤
⎥⎥⎦, vdq

s =

[
Δvdq

s1

Δvdq
s2

]
, vdq

pcc =

[
Δvdq

pcc1

Δvdq
pcc2

]
. (20)

The first and second rows of the BTB model in (17) are related
to the LCL filter dynamics of VSC1 and VSC2, respectively.
Meanwhile, the third row contains the dc-capacitor equation and
links the dynamics of the VSCs. In order to improve the read-
ability of the paper, the incremental operator has been omitted
in state variables.

B. Discretization and Time Delay Modeling

The discrete-time model of the BTB converter can be obtained
by applying the zero-order hold method [24] to the system in
(17), yielding

xd [k + 1] = Φxd [k] + Γvdq
s [k] + Γdvdq

pcc[k] (21)

where

Φ = eA btbts , Γ =

(∫ ts

0

eA btbtdt

)
Bbtb (22)

Γd =

(∫ ts

0

eA btbtdt

)
Bd

btb (23)

where ts is the sampling period that is defined in Section VII-A.
The digital controller implementation usually introduces time-
delays that have been included in the model to improve its
accuracy. The processing time has been modeled with a one-
sampling-period delay in the command signals (vs1 and vs2).
Also, the measurement system of the VSCs used in the ex-
perimental platform introduces an additional delay in all the
measured variables. Since the measurement delay is the same
for all the variables, it can be moved to the command signals for
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Fig. 3. (a) Block diagram of the reference generator. (b) Block diagram of the state-feedback controller. (c) Electrical diagram of the BTB converter
including time delays. The two-sampling-period delay models the processing-time and the measurement delays that have been moved to the
command signals.

modeling and control purposes [22], [25]. Therefore

vdq
s [k + 1] = vdq ′

s [k] (24)

vdq ′
s [k + 1] = vdq ′′

s [k] (25)

where vdq ′
s and vdq ′′

s are the command signals delayed one and
two samples, respectively, which can be added to the discrete
state-space model of the BTB converter in (21), yielding

xr [k + 1] = Φrxr [k] + Γr v
dq ′′
s [k] + Γd

r v
dq
pcc[k] (26)

where

Φr =

⎡
⎢⎢⎣

Φ Γ 013×4

04×13 04×4 I4×4

04×13 04×4 04×4

⎤
⎥⎥⎦, xr =

⎡
⎢⎢⎣

xd

vdq
s

vdq ′
s

⎤
⎥⎥⎦ (27)

Γr =

⎡
⎢⎢⎣

013×4

04×4

I4×4

⎤
⎥⎥⎦, Γd

r =

⎡
⎢⎢⎣

Γd

04×4

04×4

⎤
⎥⎥⎦. (28)

C. State-Feedback Controller and Closed-Loop Model

Fig. 3(b) shows a block diagram of the proposed state-
feedback controller. The controlled variables are the q-axis grid-
side currents (iqo1 and iqo2), the square of dc-capacitor voltage
(v2

dq ), and the differential current (iΔ ).
An integral controller has been added to the state-space model

(26) for each of the controlled variables, yielding

mi1 [k + 1] = mi1 [k] + (iq∗
o1 − iqo1) (29)

mi2 [k + 1] = mi2 [k] + (iq∗
o2 − iqo2) (30)

mΔ[k + 1] = mΔ[k] + (i∗Δ − (ido1 − ido2)/2) (31)

mdc[k + 1] = mdc[k] + (v∗2
dc − v2

dc) (32)

where mi1 , mi2 , mΔ , and mdc are the new state variables for
the integral actions, iq∗

o1 and iq∗
o2 are the q-axis grid-side current

references for VSC1 and VSC2, respectively, i∗Δ is the differen-
tial current reference, and v∗2

dc is the square of the dc-capacitor

voltage reference. The methodology used to calculate these ref-
erences will be explained in Section V.

By adding (29)–(32) to the model in (26), the BTB model
with the time delays and integral controllers becomes

xi [k + 1] = Φixi [k] + Γiv
dq ′′
s [k] + Γ∗

i r
∗[k] + Γd

i v
dq
pcc[k] (33)

where Φi , Γi , Γ∗
i , and Γd

i are the state matrices, r∗ is a vector
that contains the reference signals, and xi is the state vector.
These matrices are defined in Appendix B.

D. LQR Design

The command signal of the BTB converter will be calculated
by using a state-feedback controller [11], [13] as

vdq ′′
s [k] = K · xi [k] (34)

where K is a vector with the controller gains.
The discrete LQR problem will be used to determine the

controller gains by minimizing the following index [26]:

J =
∞∑

k=0

(
xi [k]T Qxi [k] + vdq

s [k]T Rvdq
s [k]

)
(35)

where Q and R are diagonal weighting matrices that are used
to modify the closed-loop transient performance and robustness
[26]. A possible guideline to select the Q and R weights for a
state-feedback current controller of an LCL-filtered VSC can
be found in [11], [13], and [27].

V. REFERENCE GENERATION AND CURRENT LIMITING

A. Current Reference Generation

The differential current reference (i∗Δ ) can be computed by
using its definition in (15) as

i∗Δ =
(
id∗
o1 − id∗

o2

)
/2 (36)

where id∗
o1 and id∗

o2 are the d-axis current references of VSC1 and
VSC2, respectively. If the dc-link voltage reference is constant,
the common power is approximately zero in steady-state (pcm ≈
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0). Therefore

pdc1 = p∗
Δ (37)

pdc2 = −p∗
Δ . (38)

For control purposes, it is commonly assumed that the active
power delivered to the grid is similar to the active power taken
from the dc capacitor. Under this assumption, the d-axis current
references can be calculated with

id∗
o1 ≈ p∗

Δ/vd
pcc1 (39)

id∗
o2 ≈ − p∗

Δ/vd
pcc2 (40)

where the superscript “−” stands for the dc value (fundamental-
component positive sequence). The differential current refer-
ence can be computed by substituting (39) and (40) in (36).

The q-axis current references (iq∗
o1 and iq∗

o2) are calculated by
using the typical expressions [28]

iq∗
o1 = −q∗

1/vd
pcc1 (41)

iq∗
o2 = −q∗

2/vd
pcc2 . (42)

B. Output Current Limiting

The current limiting functionality has been developed to en-
sure that the output current does not exceed its limit in dq-frame
(Idq

max). The maximum differential power (p∗
Δ ) that the BTB con-

verter can transfer from one grid to the other without exceeding
the current limit is (assuming pcm ≈ 0)

−p∗
Δ−max � p∗

Δ � p∗
Δ−max (43)

where

p∗
Δ−max = min

(
vd

pcc1 , v
d
pcc2

)
· Idq

max. (44)

The use of (44) limits the d-axis output current of both VSCs.
The remaining output current capability of each VSC can be
used to provide reactive power (q-axis current). Therefore

−
√

(Idq
max)2 − (id∗

o1)
2 � iq∗

o1 �
√

(Idq
max)2 − (id∗

o1)
2 (45)

−
√

(Idq
max)2 − (id∗

o2)
2 � iq∗

o2 �
√

(Idq
max)2 − (id∗

o2)
2 . (46)

Fig. 3(a) shows the calculation of the current references, to-
gether with the current limiting strategy.

VI. CONTROL SYSTEM DESIGN AND ANALYSIS

A. Full-State Feedback LQR design

The weighting matrices Q and R have been tuned to achieve
the desired setting time (tset ≤ 10 ms) in the controlled variables
(iqo1 , iqo2 , iΔ , and v2

dc) without compromising the system stability.
The Q matrix defines the weights for each variable inside of the
state vector

xi =
[
xdq

f 1 , x
dq
f 2 , v

2
dc, v

dq
s , vdq ′

s ,mi1 ,mi2 ,mΔ ,mdc

]T
(47)

while the R matrix defines the weights of the delayed command
signals

vdq ′′
s =

[
vd ′′

s1 , v
q ′′

s1 , v
d ′′
s2 , v

q ′′

s2

]
. (48)

Fig. 4. (a) Transient response of ido1 and ido2 when a step-change of
i∗Δ is applied. (b) Transient response of v2

dc when a step change of v∗2
dc

is applied.

A practical guide to design the weights in the Q and R matrices
can be found in [11] and [27]. This paper proposed the following
weights.

1) The weights of idq
I and idq

o of both VSCs were set
to q1 = q2 = q5 = q6 = q7 = q8 = q11 = q12 = 1/IN ,
where IN is the nominal current.

2) The weights vdq
cf of both VSCs were set to q3 = q4 =

q9 = q10 = 0.
3) The weight of v2

dc was set to q13 = 1/V 2
dcN , where VdcN

is the nominal dc-voltage value.
4) The weights of vdq

s and vdq ′
s of both VSCs were set to

q14 =q15 =q16 =q17 = q18 = q19 = q20 = q21 = 1/VN ,
where VN is the nominal grid voltage.

5) The weights of integral actions were tuned by trial-and-
error to achieve the desired setting time. The weights were
set to q22 = q23 = q24 = 0.1/IN and q25 = 0.01/V 2

dcN.
6) The weights of the delayed command signals were set

r1 = r2 = r3 = r4 = 1/VN .
The parameters of the LCL filters and the nominal values

(IN , VdcN and VN ) are shown in Section VII-A. The steady-
state values for the state-space model of the BTB converter are
obtained at the rated voltage conditions of both PCCs (V d

pcc1 =

V d
pcc2 = 400 V, V q

pcc1 = V q
pcc2 = 0 V), while p∗

Δ = 0 kW, q∗
1 =

0 kvar, and q∗ = 0 kvar. In Section VI-E, it will be shown that
this selection gives successful results even if the operating point
changes.

By substituting (34) in (33), the closed-loop state-space model
of the BTB converter is obtained. Fig. 4(a) and (b) shows the
transient response of closed-loop state-space model of the BTB
converter when a step change of i∗Δ and v∗2

dc is applied, respec-
tively. The setting time of the grid-side currents (ido1 and ido2)
is 4 ms, and the transient does not have overshoot. The square
of the dc-capacitor voltage setting time is also 4 ms and the
overshoot is 7%. It can be seen that the transient performance of
the output currents and the dc-link voltage is similar and this is
an advantage over the conventional control structure, where the
dc voltage transient response is several times slower compared
to that of the currents [28].

B. Analysis of the Coupling Between iΔ and v2
dc

The closed-loop transfer function V 2
dc/I∗

Δ has been used to
analyze the coupling effects between iΔ and v2

dc obtained by
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Fig. 5. Bode plot of the closed-loop transfer function V 2
dc/I∗

Δ when the
simplified and the complete dc-capacitor models are used.

the proposed full-state feedback control. This transfer func-
tion can be obtained from the state-space model of the BTB
converter (33).

Fig. 5 shows the frequency response magnitude of the closed-
loop transfer function V 2

dc/I∗
Δ for different set points of i∗Δ (1 pu,

2/3 pu, 1/3 pu, and 0 pu). It can be seen that the coupling
between i∗Δ and v2

dc is weak across the frequency domain, and
that it slightly increases when i∗Δ is close to its nominal value.

By using the transfer function V 2
dc/I∗

Δ , the impact of the
power consumed by the LCL filters (pr and pLC L ) can be also
analyzed. First, by neglecting pr and plcl, the dc-capacitor equa-
tion in (13) becomes

d

dt
Δv2

dc = − 2

Cdc

(
CV

pcc1Δidq
o1 + CV

pcc2Δidq
o2

)
. (49)

This simplified model only depends on the d-axis grid-side
currents (ido1 and ido2) and the steady-state value of the PCC volt-
ages. By following the procedure explained in Section IV-A,
this simplified dc-capacitor model can replace the complete lin-
earized model in (13) and their differences are studied in the
following paragraph.

Fig. 5 shows the frequency response magnitude of the transfer
function V 2

dc(s)/I∗
Δ(s) for the simplified and complete capacitor

model. It can be seen that both models give similar results when
i∗Δ = 0 pu. This is so because the power terms pr and pLC L are
almost zero when i∗Δ = 0. Also, it can be seen that the coupling
effect is small, even when i∗Δ = 1 pu. This demonstrates that
the proposed control method provides independent control of
the common and differential powers.

Also, the comparative analysis of complete and the simplified
dc-capacitor model indicates that the active power consumed by
the LCL filters have a negligible impact on the dc-capacitor
dynamics.

C. System Robustness to Filter Parameters and DC
Capacitance Variations

The robustness of the full-state feedback controller designed
in Section VI-A was studied against the variations of the filter
parameters (LI , LO , Cf ) and the dc capacitance (Cdc). Fig. 6

Fig. 6. Pole trajectories of the closed-loop system when the parameters
change between the −15% and +15% of their rated values. (a) Grid-side
inductance (LI ). (b) Filter capacitance (Cf ). (c) Grid-side inductance
(LO ). (d) DC capacitance (Cdc).

Fig. 7. Pole trajectories of the closed-loop system when the parame-
ters change: (a) the PCC1 inductance value (Lg 1 ) between 0 mH and
5 mH and (the arrow indicates the increasing direction) and (b) the PCC1
steady-state voltage value (V d

pcc1 ) between 1 and 0.2 pu (the arrow indi-
cates the decreasing direction).

shows the trajectory of the closed-loop poles when LI , CF ,
LO , and Cdc vary between the −15% and +15% of their rated
values (shown in Section VII-A). The closed-loop poles move
from their original positions but the system remains stable for
the variations of the filter parameters and the dc capacitance.

D. System Robustness to Grid Inductance Variations

The robustness of the full-state feedback controller de-
signed in Section VI-A was studied against variations in the
PCC1 inductance (Lg1). Fig. 7(a) shows the trajectory of the
closed-loop poles when Lg1 varies between 0 and 5 mH
(0.15 pu). The high-frequency poles are related with the res-
onance of the LCL filters, while the low-frequency poles are
related with the dynamics of the control system. Both groups of
poles move toward the unstable region, but they remain inside
the unity circle even for large variations of the grid inductance.
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Therefore, it can be concluded that the proposed controller is
robust against grid inductance variations.

E. Performance Under Voltage Sags

The robustness of the full-state feedback controller designed
in Section VI-A was studied against variations in the voltage
value of the ac grid 1 (V d

pcc1). This type of voltage sag corre-
sponds to a three-phase fault. Other type of unbalanced voltage
sags can be studied in order to evaluate the impact of line-to-
ground and line-to-line faults. Fig. 7(b) shows the trajectory of
the closed-loop poles when vd

pcc1 varies between 1 and 0.2 pu.
It can be seen that low- and high-frequency poles move parallel
to the real axis, until they reach each other and become com-
plex. A group of low-frequency poles are clearly affected and
tend to move outside of the unity circle, but they remain in the
stable region even for large voltage sags. Hence, it can be con-
cluded that the full-state feedback controller can withstand large
voltage sags. This was also confirmed during the experimental
validation.

VII. EXPERIMENTAL RESULTS

A. Prototype Description

The full-state feedback controller was experimentally val-
idated in the Smart Energy Integration Lab [29]. The nomi-
nal grid voltage is VN = 400 V and the nominal frequency is
50 Hz. Both converters (VSC1 and VSC2) have the same rated
power (SN = 15 kVA and IN = SN /VN ) and the same LCL
filters. The LCL filter values are L1 = 2.3 mH, Cf = 8.8 μF,
and L2 = 0.93 mH. The dc capacitor value is 1.5 mF and the
nominal dc-link voltage is VdcN = 680 V. The control system
is implemented on an embedded PC that generates the con-
trol signals for both VSCs [29]. The sampling and switching
frequencies are 10 kHz.

B. Active and Reactive Powers

Fig. 8(a) shows the transient performance of the full-state
feedback controller when p∗

Δ changes from −15 (−1 pu) to
15 kW (1 pu). It can be seen that the d-axis currents (ido1 and
ido2) have similar transient responses (trise = 3 ms). However, the
fast current control produced a voltage command that exceeded
the linear operation of VSC1 and a transient overmodulation
occurred. This effect produced an active power mismatch be-
tween the two VSCs that led to a transient dc voltage deviation
of 5 V. This result demonstrates the decoupled control of iΔ
and v2

dc, even under extreme active power transients. For this
experiment, both VSCs were connected to the same point and
the PCC voltages were in phase. The currents (io1 and io2) were
in counter-phase.

Fig. 8(b) shows the transient performance when a step-change
from −15 (−1 pu) to 15 kvar (1 pu) was applied to q∗

1 . It can be
seen that the q-axis current (iqo1 ) exhibits a fast transient response
(tset = 3 ms), without overshoot. The dc-capacitor voltage re-
mains constant at the reference value without transient devia-
tions. It is important to remark that, during transients, the LCL
filters dissipate (pr ) and absorb (plcl) active power, which could
also affect the dc-link voltage. This result highlights that these

Fig. 8. Experimental results: Transient response of the BTB converter.
(a) Step-change of p∗

Δ , from −15 to 15 kW (−1 to 1 pu). (b) Step-change
of q∗

1 , from −15 to 15 kvar (−1 to 1 pu).

power terms have a small impact on the dc-capacitor dynamics
and it is coherent with the analysis developed in Section VI-B.
The d-axis currents (ido1 and ido2) remain at their reference value.

Fig. 9 shows the output currents of the BTB converter for a
step-change of p∗

Δ [similar to that of Fig. 8(a)]. It can be seen that
both output currents change simultaneously, and they exhibit a
similar transient response. As a result, there is almost no active
power mismatch and the dc voltage remains constant. The THD
of the VSC1 grid-side current was 2.5%.

Fig. 9(b) shows the output currents of the BTB converter
when a step-change of q∗

1 is applied [similar to that of Fig. 8(b)].
It can be seen that only VSC1 output current (io1) changes
while the VSC2 output current (io2) and the dc-capacitor voltage
(vdc) remain constant. The THD of the VSC1 grid-side current
was 2.7%.

C. Voltage Sags and Current Limiting

Fig. 10(a) shows the transient response of BTB converter
when the voltage at the PCC1 (vpcc1) changed from 1 to 0.4 pu,
which corresponds to a balanced voltage sag produced by a
three-phase fault. The power references are set to p∗

Δ = 3 kW
(0.2 pu) and q∗

1 = q∗
2 = 0 kvar, and the current is limited to

Imax = 25 A. Fig. 10(b) shows the transient response of the
BTB converter when the voltage was restored. It can be seen
the controller remains stable that is consistent with the analysis
presented in Section VI-D, and the current is limited during the
voltage sag. It is important to remark that the current limit is
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Fig. 9. Experimental results: Output currents (io1 and io2 ) of the BTB
converter. (a) Step-change of p∗

Δ , from −15 to 15 kW (−1 pu to 1 pu).
(b) Step-change of q∗

1 , from −15 to 15 kvar (−1 pu to 1 pu).

Fig. 10. Transient response of the BTB converter when the voltage at
the PCC1 (vd

pcc1 ) changes. (a) Voltage sag, from 1 to 0.4 pu. (b) Voltage
restored, from 0.4 to 1 pu.

Fig. 11. Transient response of the BTB converter when grid 1 is weak.

set in dq-frame (Idq
max) and not in abc-frame (their values are

proportional but no equal). For this experiment, the PCCs were
connected to different points and the currents io1 and io2 had an
arbitrary angle difference.

The VSC1 output current (io1) featured a transient dc com-
ponent when the voltage sag was applied. It is common for
inductive elements to exhibit a dc-current component during
voltage sags [30]. The value of this dc current component de-
pends on the voltage and angle change. The energy of this dc
component is rapidly dissipated by the system losses and it
generates a 50 Hz oscillation in the dc voltage.

D. Grid Impedance Variation

Fig. 11 shows the transient response of the BTB converter
when the grid 1 is weak (Lg1 = 0.18 pu) and a step-change was
applied to p∗

Δ (from 0 to 15 kW). It can be seen that the grid-
side current has a slower transient response compared to the stiff
grid case (see Fig. 9). The proposed controller remains stable,
which is consistent with the analysis performed in Section VI-D.
The dc voltage remained constant during the step change. This
result shows that the proposed controller is robust against grid
impedance variations.

VIII. CONCLUSION

In this paper, a power-based full-state feedback control of
a BTB converter was proposed. The common and differential
power concepts were introduced and a power-based model-
ing approach was proposed to aggregate the LCL filters and
dc-capacitor dynamics in a state-space model. A single con-
troller was used to achieve a fast control of active and reactive
powers and a stiff regulation of the dc-link voltage. It was shown
that the differential and the common powers, on one hand, con-
trol the power transfer between ac sides and, on the other, reg-
ulate the dc-link voltage. The decoupled control and the impact
of the grid impedance and voltage sags were theoretically ana-
lyzed. Also, the robustness of the proposed solution to variations
of the filter parameters and the dc capacitance was evaluated.
The proposed controller was experimentally validated by using
a 15-kVA BTB converter in a laboratory test network. The ex-
perimental results corroborated the performance and robustness
of the decoupled control under nominal operation, voltage sags,
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and connected to a weak grid. The reduction of the dc capaci-
tance and other implementation issues will be the objective of
future work.

APPENDIX A
DC-CAPACITOR MODEL LINEARIZATION

By linearizing (6), (10), (11), and (12)

d/dtΔv2
dc = −(2/Cdc)(Δpdc1 + Δpdc2) (50)

Δppcc1 = CV
pcc1Δidq

o1 + CI
pcc1Δvdq

pcc1 (51)

Δplcl1 = Clcl1 · d/dtΔxdq
f 1 (52)

Δpr1 = Cr1Δxdq
f 1 (53)

with

CV
pcc1 =

[
V d

pcc1 V q
pcc1

]
, CI

pcc1 =
[
Id
o1 Iq

o1

]
(54)

Clcl1 =
[
LI I

d
I1 LI I

q
I1 Cf V d

cf 1 Cf V q
cf 1 LO Id

o1 LO Iq
o1

]

(55)

Cr1 =
[
2RI I

d
I1 2RI I

q
I1 0 0 2RO Id

o1 2RO Iq
o1

]

(56)

where the symbol “Δ” stands for the incremental operator.
The model of the LCL filter in (1) can be substituted in (52),

yielding

Δplcl1 = Clcl1

(
Af 1Δxdq

f 1 + Bf 1Δvdq
s1 + Bd

f 1Δvdq
pcc1

)
.

(57)

The linearized versions of ppcc1 , plcl1 , and pr1 in (51), (52),
and (53) can be substituted in (9) and then included in (50).
By performing the same process for VSC2, the linearized dc-
capacitor model is obtained [see (13)], where

f1 = Cx1Δxdq
f 1 + CV s1Δvdq

s1 + CV pcc1Δvdq
pcc1 (58)

f2 = Cx2Δxdq
f 2 + CV s2Δvdq

s2 + CVpcc2Δvdq
pcc2 (59)

with

Cx1 = Cr1 + Clcl1Af 1 , CV s1 = Clcl1Bf 1 (60)

CV pcc1 = CI
pcc1 + Clcl1B

d
f 1 (61)

Cx2 = Cr2 + Clcl2Af 2 , CV s2 = Clcl2Bf 2 (62)

CV pcc2 = CI
pcc2 + Clcl2B

d
f 12 . (63)

APPENDIX B
MATRICES OF THE DISCRETE-TIME BTB CONVERTER

The state matrices of the augmented BTB model (33) are

Φi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Φr 021×1 021×1 021×1 021×1

Ti1 1 0 0 0

Ti2 0 1 0 0

TΔ 0 0 1 0

Tdc 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(64)

xi =
[
xr mi1 mi2 mΔ mdc

]T
(65)

r∗ =
[
iq∗
o1 iq∗

o2 i∗Δ v∗2
dc

]T
(66)

with

Γi =
[
Γr 04×1 04×1 04×1 04×1

]T
(67)

Γd
i =

[
Γd

r 04×1 04×1 04×1 04×1

]T
(68)

Γ∗
i =

[
021×4 I4×4

]T
, Ti1 =

[
01×5 −1 01×15

]
(69)

Ti2 =
[
01×11 −1 01×9

]
, Tdc =

[
01×12 −1 01×8

]

(70)

TΔ =
[
01×4 −1/2 01×5 1/2 01×10

]
. (71)
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Coupling of AC Grids via VSC-HVDC
Interconnections for Oscillation Damping based on
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Abstract—This paper presents a control approach for HVDC
interconnections that provides damping of frequency oscillations
in asynchronous ac grids by introducing a virtual friction for
coupling their inertial dynamics. The HVDC interconnection is
modelled by using the concept of common and differential power
flow, allowing for independent control of the dc voltage and the
net power transfer between HVDC terminals, respectively. The
proposed controller introduces a damping effect in the differential
power flow which is equivalent to a mechanical friction between
the generators connected to the ac grids at the two terminals. This
virtual friction-based damping can effectively attenuate poorly
damped frequency oscillations that can be observed where the
HVDC interconnection is interfaced to either of the ac grids
without relying on fast communication between the converter
terminals. The impact of the proposed control technique on the
stability and damping of two interconnected power systems is first
analysed by using a simplified model. Then, the sensitivity to the
frequency and damping of the oscillation modes appearing in the
ac grid frequencies, as well as the effect of the dc line resistance on
the oscillation damping are evaluated. Finally, the control system
performance is experimentally validated on a scaled laboratory
setup.

I. INTRODUCTION

Low-frequency electro-mechanical oscillations in traditional
power systems (i.e. intra-area and/or inter-area oscillations) are
largely defined by the inertia and damping of the synchronous
generators, their governors and excitation systems, and the
power system topology [1]. Therefore, methods for Power Os-
cillation Damping (POD) and attenuation of frequency oscil-
lations have been widely studied in traditional interconnected
power systems. Since the early practical applications of power
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electronic technology in the transmission system, POD control
has also been investigated for HVDC interconnections [2, 3].
Initial research efforts focused on POD by Current Source
Converter (CSC) HVDC systems while HVDC links based
on Voltage Source Converters (VSCs) have been increasingly
preferred during the last decade [4]. Thus, recent research
efforts have been mainly focused on the possibility offered by
utilizing VSC-HVDC interconnections for improving power
systems stability and contributing to damping of low frequency
oscillations [5–8].

In modern power systems, Renewable Energy Sources
(RES) with power electronic grid interfaces are increasingly
replacing traditional generation plants [9]. However, power
electronic converters with conventional control strategies do
not inherently provide physical inertia, and reduced equivalent
system inertia may compromise the stability of power systems
under severe disturbances [10]. Therefore, new oscillatory
issues related to the increasing penetration of power electronics
converters are also becoming important [11].

To compensate for reduced equivalent system inertia, some
authors have proposed specific control strategies for HVDC
systems that emulate the dynamic properties of synchronous
generators [12–14]. This is becoming an attractive control
approach since power systems are inherently designed to
operate with synchronous generators and, once their control
parameters are properly set, such converters can contribute to
the power system stabilisation. However, in most cases, this
approach implies the dc-voltage regulation has to be in the
same time-scale (or slower) than the synchronous machine
dynamics, and this can threaten the dc-voltage stability.

Without considering contributions to the equivalent system
inertia, several control strategies have also been proposed
for utilizing HVDC-links to damp oscillations in emerging
power system configurations. For example, Zeni et al. [6]
recommended guidelines for controller design in order to
damp oscillations in HVDC links connected to off-shore wind-
farms. In [15] a supplementary controller based on neural
networks was introduced for inter-area Power Oscillation
Damping (POD). The method provides accurate results, but it
is computationally intensive. Other authors focused on control
strategies for POD by using Wide Area Measurement Signals
(WAMS). For example, Preece et al. [16] demonstrated a
controller for POD based on a Linear Quadratic Gaussian
regulator by using WAMS. Pierre et al. [17] proposed a
supervisory controller for inter-area POD by using real-time
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Fig. 1. Electrical and control diagram of a point-to-point HVDC connection providing virtual friction and voltage support to both sides.

frequency measurements, while Agnihotri et al. [18] designed
a robust controller that considered partial and complete loss
of communications. These control strategies showed satisfac-
tory performance, but the requirement of fast communication
increases the system complexity and reduces reliability [19].

To avoid dependency on high-bandwidth communication
between HVDC terminals, control strategies that use the dc-
link voltage as an indicator of the ac network frequency
deviation have been proposed. One of the first attempts was
introduced by Phulpin [20], who proposed a communication-
free controller that allowed offshore wind generators con-
nected via VSC-HVDC links to provide inertia to the mainland
ac grid. Recently, some authors have proposed coordinated
control strategies to provide frequency support and/or inertia
emulation via coordinated dc-voltage regulation [11, 21, 22].
In particular, Rouzbehi et al. [23] introduced the concept
of inertia sharing for ac systems coupled by MTDC links.
The control scheme provided a virtual coupling between ac
networks, increasing the equivalent system inertia. However,
coupling of lightly-damped ac systems and damping of low
frequency power oscillations was not addressed.

This paper introduces a controller for VSC-HVDC links
that introduces virtual electro-mechanical friction between two
power systems. As introduced in [24], the design of the pro-
posed control strategy is based on equivalent swing equation
models representing the interconnected power systems. Fre-
quency support as well as damping of frequency oscillations
at both sides of the HVDC link is inherently provided by
the control strategy. The implementation uses the differential
and common power concept introduced in [25]. This approach
allows independent control of the dc voltage and the power
transfer of the HVDC link, and it is demonstrated how this
representation assigns physical meanings to the controller
gains of the proposed virtual friction control.

Based on the general concepts introduced in [24], this
paper addresses the controller implementation in detail, and
shows that the proposed approach allows a straightforward
implementation of the virtual friction control with no need
of communication between the HVDC converter terminals.
Furthermore, the POD capability of the proposed controller
is analytically evaluated by using a simplified model of the
two ac networks connected via the HVDC-link. The impact of
the oscillation frequency and damping of the oscillations in the

two grid frequencies is analysed in detail as well as the impact
of the dc line resistance on the POD capability. Finally, the
performance of the control scheme is experimentally validated
by using a scaled prototype of the VSC-HVDC link.

II. SYSTEM OVERVIEW AND MODELLING

A. Reference System Configuration
Fig. 1 shows the electrical and control system diagram of

the point-to-point VSC-HVDC configuration considered in this
paper, consisting of two VSC terminals (VSC1 and VSC2)
that interconnect two asynchronous grids. For analysing the
operation of the VSC terminals for damping low frequency
power system oscillations, the two different asynchronous
areas can be modelled as equivalent generators that aggregate
the electro-mechanical dynamics of each area [1]. Therefore,
the dynamics of the ac networks considered in this paper are
represented by two equivalent generators (G1 and G2).

The control of the two VSCs terminals include traditional
inner loop controllers and they are operate as power-controlled
sources that inject or absorb active and reactive powers from
the ac grids. For each terminal, the grid-side current, the output
voltage and dc-capacitor voltage are denoted as io, vs and
vdc, respectively. The two terminals (1 and 2) are indicated as
variable subscripts (i.e. io1). The dc capacitor of each VSC is
referred as Cdc, and the total equivalent capacitance of the dc
system is given by C ′dc = Cdc1 +Cdc2 +Ccable, where Ccable

is the equivalent capacitance of the dc cable interconnecting
the VSC terminals.

Both terminals are assumed to have identical controllers
with an inner power controller (’VSC controller’) cascaded
with an outer loop controller (’Virtual friction controller’) that
emulates the effect of a friction between the two equivalent
generators and regulates the dc-link voltage.

B. Equivalent Generator Modelling
The linearised swing equation of generator G1 can be

written as follows (and the same equation can be used for
generator G2) [26, 27]:

2H1
d∆ω1

dt
= ∆Pm1 −∆Pe1 −D1∆ω1, (1)

where “∆” is the incremental operator, H1 is the equivalent
inertia constant of the synchronous area, D1 is the equivalent
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Fig. 2. Power flow representation in a Back to Back configuration based on
the common and differential power concepts.

damping factor of the area, ω1 is the area angular frequency,
Pm1 is the mechanical power supplied by the equivalent
turbine, and Pe1 is the electrical power demanded by the local
area load [1]. The mechanical power Pm1 is controlled by
using an equivalent turbine speed governor represented as a
first-order low-pass-filter [1], where R1 is the frequency droop
coefficient, and T1 is a time constant that models the delayed
response of the turbine actuator [26]. Thus, the dynamic
equation of the governor in Laplace domain is:

∆Pm1 = ∆P ∗ +R1/(T1s+ 1) · (∆ω∗ −∆ω1), (2)

where P ∗ and ω∗ are the active power and angular frequency
set points, respectively. For the sake of simplicity, the incre-
mental operator “∆” will be omitted in the rest of the paper.

The applied model is the simplest representation of the
dynamics of a synchronous generator, modelled as a second-
order system. Thus, this model provides an easy interpretation
of the coupling effect introduced by the proposed control
system and it will be used to represent the frequency oscilla-
tions that can be measured at the HVDC terminals. A similar
approach for simplified representation of ac grids has been
recently justified in [28], for analysis of the performance of
HVDC links in damping of inter-area oscillations. Thus, any
intra-area or inter-area oscillations that can be detected in the
frequency estimated at the HVDC terminals can be equiva-
lently represented by a second-order system. It is important
to remark that the proposed control concept is generic and
it can be applied in any arbitrary complex power network
model. However, a simplified equivalent model of each ac
grid is convenient for demonstration and analytical evaluation
of the virtual friction concept, while analysis of the influence
from the detailed power system configuration on the dynamic
performances of the proposed control strategy is considered
as a further research.

C. Common and Differential Power Concepts

The concept of differential and common power was intro-
duced in [25] with Fig. 2 showing an example of its application
to a Back-to-Back (BTB) configuration. The active power flow
can be defined by:

pcm = −(po1 + po2), (3)
p∆ = (po1 − po2)/2, (4)

where po1 and po2 are the instantaneous active powers deliv-
ered to the ac grids by VSC1 and VSC2, respectively while
pcm and p∆ represent the common and differential powers.
The main advantage of this representation is the decoupling
of the active power flow determining the dc link voltage
dynamics, associated with pcm, from the net active power

vdc*2

vdc2

p
cm
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Fig. 3. Block diagram of (a) a differential power controller emulating the
effect of a mechanical friction, and (b) the dc-voltage controller based on the
common power concept. Centralised implementation [29].

flowing from G2 to G1, associated to p∆ [25]. The proposed
controller takes advantage of this property to provide:
• A fast and accurate control of the dc-link voltage by

controlling the common-mode power pcm.
• An effect similar to that of a mechanical friction between

the two generators by controlling differential power p∆.
The output powers po1 and po2 can be expressed as a

function of the differential and common power, (3) and (4),
yielding:

po1 = p∆ − pcm/2, (5)
po2 = −p∆ − pcm/2. (6)

These expressions will be used later to calculate the power
references for each VSC as a function of their common and
differential power references.

III. INTRODUCTION TO THE VIRTUAL FRICTION CONCEPT

A. Differential Power and its Equivalent Mechanical Effect

The differential power p∆ is associated to the active power
exchange between grids, if losses and energy stored in the
LCL filters of the terminals are neglected. As first introduced
in [29], the differential power can be controlled to provide
an effect equivalent to that of a mechanical friction between
the ac networks. With this aim, the following expression is
defined:

p∗∆ = (K∆/s) · (P ∗∆ − p∆ +Bω(ω̂1 − ω̂2)). (7)

The hat “ ˆ ” refers to estimated values, p∗∆ is the differential
power reference for the inner controller, P ∗∆ is the differential
power set point, K∆ is the integral gain, and Bω is the
equivalent mechanical friction to be inserted between the
electrical grids that will be explained in the following. Fig. 3
(a) shows the block diagram of a centralised controller based
on this concept [29].

If the transient response of the differential-power controller
is significantly faster than that of the equivalent generators
(G1 and G2), its dynamics can be neglected for system-level
studies. This assumption will be guaranteed during the design
process. Thus, the differential power can be expressed as:

p∆ = P ∗∆ +Bω(ω̂1 − ω̂2). (8)

Moreover, if power losses are neglected, the swing equations
of both equivalent generators can be expressed in terms of the
HVDC terminals active powers, pe1 = −po1 and pe2 = −po2.
Therefore, by substituting (5) and (6) in (1) (and the same
equation for G2):
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2H1
dω1

dt
= Pm1 + P ∗

∆ +Bω(ω̂1 − ω̂2)− pcm/2−D1ω1, (9)

2H2
dω2

dt
= Pm2 − P ∗

∆ −Bω(ω̂1 − ω̂2)− pcm/2−D2ω2. (10)

In (9) and (10), the coefficient Bω multiplies the difference
of the two generator speeds and its effect is equivalent to
that of a mechanical friction inserted between G1 and G2.
The differential power reference P ∗∆ represents the power
exchanged between the shafts, while the common power pcm
represents the power that flows into the dc capacitor. Fig. 4
represents this concept, graphically.

B. Common Power Based dc-Voltage Controller

By neglecting losses and energy stored in the elements
of LCL filters, the dynamic equation that models the energy
stored in the dc capacitance can be written as [25]:

C ′dc/2 · dv2
dc/dt = pcm. (11)

Since the common power pcm is directly related to the energy
stored in the dc capacitance, the dc voltage can be regulated by
controlling the common-power with a PI controller as shown
in Fig. 3 (b).

IV. IMPLEMENTATION OF THE CONTROLLER WITHOUT
COMMUNICATIONS BETWEEN TERMINALS

In Section III, it has been assumed that measurements from
both terminals are available to a common controller. However,
as already mentioned, it will be preferable to avoid dependency
on high bandwidth communication between the terminals
of a HVDC interconnection. As shown in the following, a
decentralised control scheme can be developed, where only
measurements from a single terminal are assumed available to
each controller. An overview of the resulting implementation
of the virtual friction controller for terminal 1 is shown in
Fig. 5. The same scheme (with the notation adapted) is used
for terminal 2.

A. Implementation of the Equivalent Mechanical Friction

In order to implement a decentralized control scheme, two
new variables, p̃∗∆1 and p̃∗∆2, are defined. For the terminal 1,
its new variable is:

p̃∗∆1 = (K∆/s) · (P ∗∆1 − po1 + 2Bω(ω∗ − ω̂1)

−Ddc(v
∗2
dc − v2

dc)),
(12)

where Ddc is a droop coefficient for the dc-voltage that has
been added to the original expression of p∗∆ in (7). Its main
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Fig. 5. Block diagram of the implemented dc-voltage and virtual friction
controllers for terminal 1: (a) Differential power and virtual friction controller,
(b) dc-voltage controller and (c) current controller and reference generator.

objective is to share information between terminals regarding
mismatches in p̃∗∆1 and p̃∗∆2.

Following the same procedure presented in Section III-A,
the steady state values for the decentralised implementation
can be calculated. In steady state, if (12) and the equivalent
version of the same equation for terminal 2 are subtracted and
divided by two, the following relationship is obtained:

(po1 − po2)/2︸ ︷︷ ︸
p∆

= (P ∗∆1 − P ∗∆2)/2︸ ︷︷ ︸
p∗∆

+Bω(ω̂1 − ω̂2) = 0. (13)

If the droop coefficients of both VSCs have the same value,
steady-state equation (13) is similar to steady-state equation
(7). Repeating the same procedure introduced in Section III-A,
it can be demonstrated that the effect of the frequency droop
Bω is again equivalent to a virtual friction inserted between
the two generators (see Fig. 4). The block diagram of the
proposed controller for terminal 1 is shown in Fig. 5 (a).

B. Implementation of the dc-Voltage Controller

Since both VSCs share the control of the dc-voltage, the
use of two integral actions should be avoided [30]. Therefore,
a P controller has been used:

p̃∗cm1 = Kdc′
p · (v∗2dc − v2

dc). (14)

where Kdc′
p is the dc controller gain.

C. Reactive Power Controller

Reactive power injection at each terminal can be controlled
independently:

q∗o = (KQ/s) · (Q∗o − qo +DV (|~v∗pcc| − |~vpcc|)), (15)

where Q∗o is the reactive power set point, qo is the instanta-
neous value of the reactive power, DV is the reactive power-
voltage droop coefficient, and |~v∗pcc| and |~vpcc| are the module
of the PCC voltage space vector and its reference value,
respectively.

D. Power Reference Generation

Fig. 5 (c) shows the block diagram of the power reference
generator. The proposed controller will generate the reference
values for p∆ and pcm (p∗∆ and p∗cm, respectively). Active
power references (p∗o1 and p∗o2) are obtained by manipulating
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link with the proposed controller applied.

the differential and common power expressions, (3) and (4),
yielding:

p∗o1 = p̃∗∆1 − p̃∗cm1/2, (16)
p∗o2 = p̃∗∆2 − p̃∗cm2/2. (17)

Reactive power references can be set independently (q∗o1 and
q∗o2). Current references are generated by using the output
power of each terminal, independently. Therefore, for one
terminal, the dq-axes current references can be written as [31]:

id∗o = p∗o/v
d
pcc, iq∗o = −q∗o/vdpcc. (18)

V. CONTROL PARAMETERS DESIGN

A. Equivalent Control System

Fig. 6 shows the equivalent block diagram of two generators
connected via a HVDC interconnection with the proposed
controller applied. The frequency estimator used in this paper
can be found in [32]. This equivalent diagram can be derived
from the block diagram depicted in Fig. 5, and adding the
synchronous generators models. First, if the transient response
of the current controller is faster than that of the dc-voltage
and virtual friction controllers, the dynamics of the current
controller can be neglected. Therefore, p∗o1 ≈ po1. Second,
the integral action that gives p̃∗∆ is moved to the power
command po1 and a derivative is added to the common
power loop p̂∗cm. After these manipulations, it can be seen
that the common-mode dc-link controller is equivalent to
a proportional-derivative controller, yet without an explicit
derivative action.

B. Active and Reactive Controllers Design

In order to avoid interactions between the current, dc-
voltage and virtual friction controllers, their time constants
should be sufficiently separated [33]. If this condition is met,

the input-output transfer function of the active power controller
for the VSC1 can be written as:

Po1(s)

P ∗∆1(s)
=

K∆

s+K∆
. (19)

Following a similar approach for the reactive power controller:

Qo1(s)

Q∗o1(s)
=

KQ1

s+KQ1
. (20)

Therefore, the frequency of the closed-loop poles can be
selected by using K∆ = ωp and KQ1 = ωQ1.

C. DC Voltage Controllers Design

The dc voltage controller is designed as a P controller where
the frequency of the first-order closed-loop system can be
selected by using the expression:

Kdc′
p = ωpC

′
dc. (21)

D. DC-Voltage Droop Design

The steady-state equation of the virtual friction controller
in (12) can be written as (one for each VSC):

P ∗∆1 − po1 + 2Bω(ω∗ − ω̂1)−Ddc(v
∗2
dc − v2

dc) = 0, (22)

By adding (22) and the equivalent expression derived for the
VSC2, a new steady-state equation that relates the dc-voltage
and the ac-frequency deviations is obtained:

(P ∗∆1 + P ∗∆2)− (po1 + po2) + 4Bω(ω∗ − ω12)+

−2Ddc(v
∗2
dc − v2

dc) = 0.
(23)

where ω12 is the mean of the two ac grid frequencies, and it
is calculated as follows:

ω12 = (ω̂1 + ω̂2)/2. (24)

Assuming that the system operates in steady-state, the power
consumed by the link are the losses: po1 + po2 ≈ −ploss.
Additionally, in (12), the same power reference has to be
used for both terminals: P ∗∆1 = −P ∗∆2 = P ∗∆, and the
dc-voltage controllers have the same value (Kdc′

p ). Under these
considerations, the power balance equation in (23) becomes:

4Bω(ω∗ − ω12) + ploss = 2Ddc(v
∗2
dc − v2

dc). (25)

This relationship can be used to design the dc-voltage droop
gain (Ddc). By using (25) and according to the maximum
dc-voltage deviation (vdc = v∗dc±∆Vdc), the dc-voltage droop
gain can be calculated as:

Ddc =
4Bω(ω∗ − ω12) + p̂loss

2(v∗2dc − v2
dc)

. (26)

where p̂loss are the estimated power losses dissipated in the
HVDC interconnection. However, the power losses are not
constant and can vary depending on the operating conditions.
One should note that Ddc is selected to establish a steady-
state relation between dc voltage and ac frequencies. Its value
is not critical for the system stability within a reasonable range
and it can be chosen according to the requirements for droop
settings.
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TABLE I
PARAMETERS OF THE EQUIVALENT GENERATORS

Var. Value Var. Value
H1 1/5 pu H2 1/200 pu
D1 0 D2 0
R1 0.5 R2 0.5
T1 0.5 s T2 3 s
ζ1 0.63 ζ2 0.04
ωos1 1.58 rad/s ωos2 4.08 rad/s

VI. ANALYTICAL RESULTS

This section presents results from an analytical evaluation of
the impact from the proposed controller on a simplified model
of the two networks interconnected. This simplified model
can be derived from the block diagram depicted in Fig. 6.
If the dynamics of the dc capacitor and power controllers are
significantly faster than the generator dynamics, they can be
neglected and the block diagram can be simplified to Fig. 7.

A. Analysis of the Virtual Friction Concept

The impact of virtual friction gain Bω on the oscillations
of the equivalent generators G1 and G2 is analysed in this
section. The parameters of the equivalent generators can be
found in Table I. According to these parameters, generator G1
has a damping factor of ζ1 = 0.63, while generator G2 has a
damping factor of ζ2 = 0.04 (low damping). When the two
systems are not coupled via the HVDC link, ωos1 and ωos2

are the natural frequencies of G1 and G2 respectively. Fig. 8
(a) and (b) show the trajectories of the closed loop poles of
the transfer functions ω1(s)/Pe1(s) and ω2(s)/Pe2(s) when
Bω varies. For Bω = 0 (green poles), the two networks are
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decoupled and the transfer functions exhibit different poles.
Generator 1 presents two complex poles that have frequency
of 1.58 rad/s and damping factor of 0.632, while generator 2
presents two complex poles that have frequency of 4.08 rad/s
and damping factor of 0.04. When Bω increases, the complex
poles of G2 move away from the stability limit, increasing
their damping factor until they reach the real axis and become
real. For Bω = 0.1 (red poles), one of the real poles moves
towards the stability limit, reducing its frequency, while the
other moves away increasing its frequency. The poles of G1
are almost not affected by the variation of Bω .

Fig. 9 (a) and (b) show the bode plot of the transfer
functions ω1(s)/Pe1(s) and ω2(s)/Pe2(s) for different values
of Bω . For Bω = 0 (blue line), both networks are fully
decoupled and G2 exhibits a resonance peak. The virtual
friction value introduces a coupling term and allows a power
exchange between the two networks. It can be seen that
increasing Bω reduces the resonance peak at G2.

Fig. 10 shows the transient response of two networks
connected by using a virtual friction when a step-change
was applied to the active power demanded by network 2
Pe2 for different values of Bω . For Bω = 0 (blue lines),
the two networks are decoupled and step change excited the
low-frequency resonance of G2, producing a poorly damped
frequency oscillation (Fig. 10 (b)). For Bω > 0, the two
networks are coupled by the virtual friction and the impact
of the disturbance can be mitigated. When Bω increases, the
coupling effect increases and network 1 supports network
2 when a disturbance takes place, effectively damping the
frequency oscillation.
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B. Impact of Area Modes on the Damping Capability

In this section, the impact of the oscillation frequency of G1
and G2 on the POD capability of the controller is investigated.
The parameters of G2 were maintained constant and they
were chosen so that G2 has a poorly damped oscillation
mode: ζ2 = 0.05 and ωos2 = 2 rad/s. The parameters of
G1 were selected in order to vary its oscillation frequency
(ωos1) between ωos2/2 and 2ωos2. Three different values for
the damping factor were considered: ζ1 = 0.05, ζ1 = 0.1
and ζ1 = 0.3. Fig. 11 shows the minimum damping factors
obtained among all the poles of the simplified model. The
logarithm of the ratio between area oscillation frequencies
(ωos2/ωos1) is used in one axis, while the virtual friction (Bω)
in the other. The logarithm was chosen in order to improve
the figure visualisation. Fig. 11(a) shows the case in which
ζ1 = 0.05 (both generators have low damping factors). For
Bω = 0, the minimum damping factor is 0.05 and, as Bω

increases, the minimum damping factor also increases until the
maximum damping is achieved. Further increase of Bω leads
to a slight decrease of the minimum damping factor. It can
be seen that the damping effect introduced by changing Bω is
less pronounced when the oscillation frequencies are similar
(ωos2/ωos1 ≈ 1). Particularly, when ωos2 = ωos1 (marked
with a red line), the minimum damping factor remains constant
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regardless the value of Bω .
Fig. 11(b) and (c) show the minimum damping for ζ1 = 0.1

and ζ1 = 0.3, respectively. As in case (a), when Bω increases,
the minimum damping factor also increases until the maximum
damping is achieved. It is worth noting that the damping effect
introduced by Bω is less effective when oscillation frequencies
are similar. However, this becomes less significant when the
damping factor of either generator is sufficiently large (see
Fig. 11(c)).

A similar analysis was performed for the particular case of
log(ωos2/ωos1) = 0.5 (ωos2 = 2 rad/s and ωos1 = 3.29 rad/s),
and damping factors of ζ1 = 0.05 and ζ2 = 0.05. Fig. 12(a)
shows the minimum damping factor obtained when Bω varies.
It can be seen that the minimum damping factor has a
maximum value for Bω = 0.023. Fig. 12(b) shows the
transient response of the simulation model for different values
of Bω . For Bω > 0 the transient response is more damped.
Moreover, for Bω = 0.023, the transient response is slightly
more damped than for Bω = 0.08.

These results demonstrate that the proposed controller can
increase the minimum damping factor of the system even
when both generators have similar sizes and low damping
factors. However, the damping effect is less effective when
the oscillation frequencies are close to each other and the
damping factors are low. As the difference between the os-
cillation frequencies and/or or the damping in one of the
grids increases, the POD capability increases. These results
are consistent with previous research studies that highlighted
the impact of the ratio between modal frequencies on the POD
capability between two asynchronous networks [28].
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C. Impact of the dc Line on the POD Capability

The impact of the dc-line resistance was evaluated analyt-
ically and in simulation. The parameters of the equivalent
generators can be found in Table I. Fig. 13 (a) shows the
minimum damping factor when a dc line resistance (Rdc) is
included in the small-signal model of the complete system.
Meanwhile, Fig.13 (b) shows the transient response of the
detailed simulation (grey) excluding and (black) including
the dc resistance, for Rdc = 0.16 pu. The line resistance
decreases the damping provided by the controller. However,
typical values of dc-line resistances are smaller than the
values considered here. Therefore, the POD capability of the
controller would not be compromised.

VII. EXPERIMENTAL RESULTS

A. Description of the experimental setup

The proposed virtual friction control system has been ex-
perimentally validated in the Smart Energy Integration Lab
(SEIL) [34], by a scaled version of the power system depicted
in Fig. 1. Fig. 14 shows a schematic diagram of the laboratory
facilities. The nominal grid voltage and frequency of both ac
grids is 400 V and 50 Hz. The ac grids represented in this
paper by the equivalent generators G1 and G2, are emulated
by using two 75 kVA VSC with LCL filter (SB=75 kVA)
operated in closed-loop. A fourth order synchronous generator
model is assumed which includes the mechanical shaft, the
speed governor and the exciter to control the rotor field.
The equivalent inductance of the synchronous generator is
emulated by using the output filter of the VSC. Two 15 kVA
converters in BTB configuration are used as the VSC-HVDC
interconnection. The output filters are LI = 2.3 mH, Cf =
8.8 µF and Lo = 0.93 mH, and the total dc-capacitance
is C ′dc = 1.2 mF. The control systems is implemented on
an embedded controller [34]. The sampling and switching
frequencies of the 15 kVA BTB converters are 10 kHz while
for the 75 kVA VSCs are 8 kHz.

B. Control System Specifications

The control parameters have been designed according to the
procedure described in Section V. Conventional PI controllers
designed to achieve a setting of tset < 4 ms and an overshoot
of Mp < 15% are used for the current controllers. The dc-
voltage controller is designed to have a slower transient

response than the current controllers with ωp = 300 rad/s.
The active and reactive power controllers are designed to be
even slower transient responses than the dc-voltage controller,
ωp = 2π10 rad/s and ωQ1 = ωQ2 = 2π10 rad/s. The reactive
power-voltage droop coefficients are determined by the appli-
cation requirements. It this case, both VSCs have the same
droop values DV = 0.01 pu. The dc-voltage droop coefficient
(Ddc) can the adjusted to achieve the desired steady-state
relation between the frequency and dc-voltage deviations. In
this case, it has been designed to achieve a dc-voltage deviation
of 20 V for frequency deviation of 0.05 Hz. Also, the power
losses of the HVDC link are estimated to be p̂loss = 1 kW. By
using (26), the dc-voltage droop coefficient is set to Ddc = 0.1.

C. Oscillation Damping of a Poorly Damped Generator

In this section, the proposed controller was tested in a
scenario where G1 presents well-damped transient response
while G2 is characterized by a poorly damped oscillation
mode. The parameters of generators can be found in Table I.
By using these parameters, it is possible to compute the
minimum damping factor of the system as a function of
Bω , similarly to Fig. 12(a). Then, the virtual friction value
is selected to maximise the minimum damping factor of the
system. In this case, the virtual friction was set to Bω = 0.05.

1) Oscillating Generator 2: Fig. 15(a) shows the transient
response of the system when a step change of differential
power reference P ∗∆ is applied, and the virtual friction is
disabled. The differential power rapidly reaches the reference
value and the frequency of G1 shows a well-damped response.
However, when the active power changes, the low-frequency
resonance is excited and the frequency of G2 exhibits a poorly
damped oscillation. Fig. 15(c) shows the transient response of
the system when a local load is connected to G2 (Pe2), and
the virtual friction is disabled. In this case, when the load
is connected, the low-frequency resonance is excited and the
frequency of G2 exhibits again a poorly damped oscillation.
These results are consistent with the analysis presented in
Section VI.

2) Damping of Oscillations: Fig. 15(b) shows the transient
response of the system when the virtual friction controller is
included (Bω = 0.05) and a step-change of P ∗∆ is applied.
In this case, the proposed controller is used to couple the
two generators by using the virtual friction and allows an
active power exchange between the generators depending on
the difference of frequencies ω1−ω2. Initially, the differential
power shows a fast transient response, leading to a transient at
the ac grid frequencies. Then, the differential power exhibits a
transient response depending on the frequency dynamics of ac
grids, and the control prevents excitation of the low-frequency
resonance. Moreover, the dc voltage acts as a communication
link between both terminals, indicating the need of active
power support. Fig. 15(d) shows the transient response of
the system when a local load is connected to G2 (Pe2),
and the virtual friction is included (Bω = 0.05). When the
load is connected, the low-frequency resonance is excited
and the frequency of G2 deviates. The differential power
shows a transient response proportional to the difference of
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Fig. 15. Experimental results: Transient response of the system when: (a) Virtual friction is Bω = 0 pu and step-change of p∗∆ is applied. (b) Virtual friction
is Bω = 0.05 pu and step-change of p∗∆ is applied. (c) Virtual friction is Bω = 0 pu and step-change of the local load of G2 (Pe2) is applied. (d) Virtual
friction is Bω = 0.05 pu and step-change of the local load of G2 (Pe2) is applied.

frequencies, allowing the active power to flow from G1 to G2
and, more importantly, to damp the low-frequency oscillation.
In both cases, the dc voltage shows transient responses de-
pending on the frequency dynamics of the ac grids, acting as
a communication link between both terminals and indicating
the need of active power support. These results demonstrate
that the proposed control provides a feature equivalent to
a mechanical friction between the two generators, damping
the frequency oscillations according to the designed virtual
friction value. Also, the transient responses of both frequencies
present a good match with the theoretical responses provided
in Section VI-A, demonstrating the electro-mechanical cou-
pling established between the two generators.

D. Oscillation Damping of Two Poorly Damped Generators

In this section, the proposed controller was tested in a sce-
nario where both generators exhibit poorly damped oscillation
modes. In this case, the damping factor of the generators was
set to ζ1 = ζ2 = 0.05, while the oscillation frequency ratio var-
ied. Fig. 16(a) shows the transient response of the system when
a local load is connected to G1 and the oscillation frequency
ratio is ωos2/ωo1 = 1. When the virtual friction is disabled
(Bω = 0), G1 exhibits the low frequency resonance while the
G2 frequency remains constant. When the virtual friction is
enabled (Bω = 0.05 and Bω = 0.09), both generators shared
the disturbance featuring the same oscillation frequency. These
results demonstrate that the proposed controller cannot provide

effective POD when the equivalent generators of two poorly
damped grids have the same oscillation frequency. This result
is consistent with the analysis presented in Section VI-B.

Fig. 16(b) shows the transient response of the system
when a local load is connected to G1 and the oscillation
frequency ratio is ωos2/ωo1 = 1.64. Unlike the previous
case, when the virtual friction is enabled and Bω > 0,
the proposed controller provides additional damping and the
minimum damping of the system increase. When Bω = 0.023,
the transient response exhibits the most damped response,
while for Bω = 0.09 the transient response exhibits a less
damped response. These results are consistent with the analysis
presented in Section VI-B.

Fig. 16(c) shows the transient response of the system when
the same disturbance is applied and ωos2/ωo1 = 2.71. It can be
seen that the damping effect introduced by the virtual friction
Bω increases as the oscillation frequency ratio increases. These
results demonstrate that the proposed controller can provide
POD capabilities even when both generators exhibit poorly
damped oscillation modes.

VIII. CONCLUSION

In this paper, a controller based on differential and common
power concepts for HVDC interconnections has been intro-
duced. It has been demonstrated that this controller effectively
damps low-frequency electro-mechanical oscillations. The in-
troduction of differential and common power concepts shows
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Fig. 16. Experimental results: Transient response of the system when a local load is connected to G1 and generators have a oscillation frequency ratio of (a)
ωos2/ωos1 = 1, (b) ωos2/ωos1 = 1.64, and (c) ωos2/ωos1 = 2.71.

clear advantages for the power flow representation of the
HVDC connection. The dc-link voltage was used as a measure
of the frequency difference between ac grids, avoiding the need
for communications. The controller was parametrised so that
the equivalent virtual friction represents one of the controller
gains, Bω , providing a clear physical meaning. Moreover, it
has been demonstrated that the proposed control scheme is
equivalent to a proportional-derivative controller applied to
the dc-link voltage. However, an explicit derivative action is
not required, making the controller more suitable for power
electronics applications.

Both theoretical and experimental results demonstrated that
oscillations in two asynchronous grids interconnected by an
HVDC link can be effectively damped by using the proposed
controller, even when both ac grids have similar inertia and
low damping factors. The benefits to system stability from the
virtual friction as a novel way to couple two ac networks were
demonstrated by utilizing a simple equivalent generator model.
Future studies could include further evaluation of the proposed
control technique for damping inter-area oscillations explicitly
represented in more complex power system models. Other
relevant further developments could include the adaptation
of the proposed control concept for application in multi-
terminal systems, and the evaluation of the performance when
implemented for Modular Multilevel Converters (MMCs).
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Analysis of Dynamic Properties of VSCs Connected
to Weak Grids Including the Effects of Dead

Time and Time Delays
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Abstract—In recent years, the penetration of distributed genera-
tors (DGs) with power electronics interfaces has rapidly increased
and this fact has created new challenges for the operation of power
systems. In some cases, when DGs are connected via long distribu-
tion cables, an interaction between their control systems and the
network may produce undesired resonant effects. This emphasizes
the importance of more accurate dynamic modeling of the system
to predict and prevent such events. This paper presents an inte-
grated small-signal model of voltage source converters (VSCs) that
includes the dead time and time delays implementation effects that
are typically not considered in the literature. An approach based on
eigenvalue and singular value decomposition is used to evaluate the
impact of the network impedances on the robustness of the power
system. The accuracy of the integrated small-signal model was
validated by using a dedicated laboratory test network composed
of 15-kVA VSCs connected to the grid via emulated distribution
lines. The analysis of the implementation effects revealed their sig-
nificant impact on the accuracy of the small-signal models as well
as on the overall system stability. The two models that include and
exclude the implementation effects are critically compared and the
experimental results are provided.

Index Terms—Small-signal modelling, SVD, eigenvalue, stability
analysis, dead-time, time delay.

I. INTRODUCTION

E LECTRIC power systems are shifting away from their tra-
ditional paradigm based on large and centralized power

generation plants towards a new one based on decentralized
generation units. Moreover, with the help of power electronics
converters, the number of Distributed Generators (DGs) con-
nected to distribution networks is rapidly increasing [1]. In many
cases, these DGs are placed in remote locations connected to
the grid via long distribution lines and this can have a significant
impact on the power transmission capacity and voltage regula-
tion [2]. A high penetration of DGs based on power electronics
converters can also lead to dynamic instability phenomena [3].
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Therefore, stability studies are necessary to guarantee the seam-
less integration of DGs in electrical distribution grids.

The two most commonly used approaches to assess the
stability of power electronics-based power systems are the
impedance-based method and the eigenvalue-based method [4],
[5]. These methods use small-signal linear models for the analy-
sis, however, several other methods based on non-linear systems
theory can be applied as well. When the impedance method is
used, the system is split in two parts and the stability is analized
by applying the generalized Nyquist criterion to the impedance
ratio of both subsystems [5], [6]. This method is useful to de-
sign control systems of power electronics converters and it has
gained popularity in recent years. For example, Freijedo et al. [7]
proposed a methodology derived from the impedance method to
design the current controller parameters of VSCs. In addition,
Chen et al. [8] proposed a compensation technique based on
the impedance method to improve the performance of a grid-
connected converter. However, the impedance-based approach
provides a limited observability of certain states given its depen-
dence on the point where the system is split for the evaluation.
Therefore, it is necessary to analyse the stability at different
system points in order to evaluate the impact of all states [4].
On the other hand, the eigenvalue approach is commonly used
to evaluate the stability of electrical grids by using a state-space
model of the entire power network. This method has a full view
of the states of the system and it can be used to reveal the damp-
ing and frequency of the dominant eigenvalues. For example,
Pogaku et al. [9] applied this methodology to study the sta-
bility of an inverter-based microgrid. The sensitivity of critical
eigenvalues and how they are affected by the system parame-
ters were studied. Also, Huang et al. [10] studied the stability
of the DC-control loop in power converters connected to weak
grids. They performed an eigenvalue analysis to determine how
the grid impedance, the operating point and the interaction with
other controllers affected the system stability.

In addition to the tools presented above, the Singular Value
Decomposition (SVD) analysis is commonly used to eval-
uate stability properties of Multiple Input Multiple Output
(MIMO) systems [11]. This technique has been applied together
with the eigenvalue analysis to identify critical power systems
nodes [12], [13]. Prieto-Araujo et al. [14] used SVD analysis to
study the relation between the droop constants and the system
performance of multiterminal HVDC systems. They expressed
the performance especifications in terms of the SVs and the
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analysis revealed the constraints in the droop values. However,
this method has not been yet applied to reveal possible reso-
nances and system inputs that excite the resonant effects. In
this paper, it will be shown that SVD analysis is an effective
complementary tool for this type of systems.

In general, small-signal models of VSCs for stability studies
do not consider effects such as switching dead-time and time de-
lays caused by the digital implementation [15]. However, several
authors have highlighted that dead-time distorts the VSC output
voltage and that it can have a significant impact on the converter
dynamics [16]. Many techniques have been proposed to reduce
the negative effects [17], [18], but the impact of dead-time on
the closed-loop stability has been seldom studied. Recently,
Ahmed et al. [19] proposed a modified VSC small-signal model
that includes the dead-time effect in VSCs with L filters, show-
ing that they introduce a damping effect. In this paper, these
effects will be included in the stability studies of VSCs with
LCL filters connected to weak grids.

Similarly, time delays are commonly neglected in stability
studies and VSCs are modelled as ideal voltage sources. How-
ever, recent works have revealed that these delays can have a
significant impact on the closed-loop stability of VSCs with
LCL filters [20], [21]. Therefore, the effects of these delays on
the system stability will also be explored in this paper.

This paper presents a detailed and integrated small-signal
modelling approach for VSCs connected to weak grids. This
model includes the dead-time effect and the computational time
delays produced by the digital implementation and the switch-
ing process. These effects are modelled, linearised, and added
to the converter small-signal model. The impact of dead-time
effect on the small-signal model is studied at different operating
points and it reveals its impact of the converter stability. Also,
a detailed analysis reveals that computational delays should be
included in the small-signal model, especially if LCL filters are
used. The grid impedance impact on the system stability is evalu-
ated by performing an eigenvalue analysis and a complementary
SVD analysis is proposed to extract frequency information from
the small-signal model. It will be shown that SVD analysis can
effectively predict harmonic oscillations and frequency ranges
in which inputs are prone to produce network resonances. All
the proposed modelling techniques were experimentally vali-
dated by using a laboratory test network. To facilitate reading,
the dead-time and time delay modelling equations are given in
Section III, while the rest of the system equations have been
included in an Appendix.

II. MODELLING AND STABILITY ANALYSIS OVERVIEW

A. Power System Description

Fig. 1 shows the electrical diagram of the power network
studied in this paper. This system consists of two VSCs (VSC1
and VSC2) via LCL filters, two resistive loads, a line that
interconnects both converters, and the grid. Both VSCs operate
as power-controlled sources that can inject and absorb active
(P ) and reactive (Q) power. For the experimental validation
presented in Section VI, the grid is emulated by using another

Fig. 1. Electrical diagram of the considered power system: Simplified model
of a power network (dotted). For the experimental validation, the grid is emulated
by using a VSC with a LCL filter operated in open-loop (dashed).

Fig. 2. Electric and control diagram of a current-controlled VSC connected
to the grid (valid for the CCF and the GCF control strategies).

VSC (VSC3) with a LCL filter operated in open-loop. This
VSC will also be modelled and included in the small-signal
model for the experimental validation.

B. VSC Control System Overview

Fig. 2 shows the detailed control diagram of a three-phase
VSC connected to the Point of Common Coupling (PCC) via
a LCL filter. The control system can be divided in three parts:
the current controller, the Phase-Locked Loop (PLL), and the
power controller. The PLL synchronizes the VSC with the d-
axis component of the PCC voltage (vpcc ), while the power
controller generates the reference for the current controller.

Two typical single-loop current control strategies will be ex-
plored in this paper [22], [23]. In the first strategy the converter-
side current (iI ) is the feedback variable (Converter Current
Feedback, CCF), while the grid-side current (iO ) is the feed-
back variable in the second strategy (Grid Current Feedback,
GCF). A PI controller (one for each axis) was used:

C(s) = KP + KI /s, (1)

where KP and KI are the proportional and integral gains, re-
spectively.

The digital controller implementation usually introduces ef-
fects such as sampling, processing time delays, and dead-time
that have a significant impact on the VSC dynamics. These
implementation effects have been modelled and integrated to
the small-signal model of VSCs. Its impact on the precision of
the modelling of VSCs has been studied and compared with the
case where these effects are excluded. This is the main contri-
bution of this paper.
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C. Small-Signal Modelling Approach

In this paper, all the system equations are represented in
a common reference frame (DQ) that is synchronized to the
ideal grid voltage (vg ) [9], as shown in Fig. 1. In addition,
each converter has its own reference frame (dq) generated by
a PLL. The equations referred to the converter reference frame
are rotated to the common reference frame:[

fD

fQ

]
=

[
cos δ − sin δ

sin δ cos δ

][
fd

fq

]
, (2)

where δ is the angle between the reference frames, while fDQ

and fdq are the dq-axes components of currents and voltages.

D. Singular Value Decomposition (SVD)

The transfer-function matrix of the electrical system model
studied in this paper can be defined as [11]:

GN (s) = (CN (sI − AN )−1BN ), (3)

where AN , BN , CN are the system state-space matrices that are
calculated in the Appendix, while I is the identity matrix. For
any given frequency, the SVD can be calculated as follows:

G(jω) = U(jω)Σ(ω)V T (jω), (4)

where Σ(ω), U(jω), and V (jω) are the Singular Values (SV),
the left singular vectors, and the right singular vectors of
GN (jω), respectively [11].

III. VSC SMALL-SIGNAL MODELLING

A. LCL Filter Modelling

The small-signal model of a LCL filter is [24]:

d

dt
Δxdq

f = Af Δxdq
f + BS

f Δvdq
S + Bpcc

f Δvdq
pcc + Bω

f Δωpll ,

(5)
where the symbol “Δ” stands for the incremental operator,
Δxdq

f = [Δidq
I Δvdq

C Δidq
O ]′, vC is the capacitor voltage, and

ωpll is the frequency estimated by the PLL. The state-matrices
Af , BS

f , Bpcc
f , and Bω

f can be found in [24].

B. Small-Signal Model of the Dead-Time Effect

The converter-side current small-signal equation (first-row of
(5)) can be written as:

d

dt
Δidq

I =

[
a ωg

−ωg a

]
Δidq

I +
1

LI
(Δvdq

S −Δvdq
C )+ΔfDQ (idq

I ),

(6)

where ωg is the grid frequency, a = −RI /LI , and ΔfDQ (idq
I )

is the linearised model of the dead-time effect [19]:

fDT (idq
I ) = −VDC

LI

Tdead

TS

2
√
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where fDT (idq
I ) is the non-linear model of the dead-time effect,

VDC is the DC-link voltage, Tdead is the dead time value, and TS

is the sampling period. By linearising (7) around an operating
point:

ΔfDT (idq
I ) = −KDT

[
(Iq

I )2 −Iq
I Id

I

−Iq
I Id

I (Id
I )2

]
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I , (8)

with

KDT =
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Tdead

TS

2
√

6

π

1

((Id
I )2 + (Iq

I )2)3/2
, (9)

where upper-case symbols stand for “operating point”.

C. Time Delay Modelling

The computational time delay can be modelled as:

VS (s) = e−Td sV ′
S (s), (10)

where Td is the total time delay, and VS (s) and V ′
S (s) are the

Laplace transforms of the converter output and command volt-
ages, respectively. The ideal time delay in (10) has been mod-
elled by using a Pade approximant [25]:

e−Td s ≈ 1 + b1Tds + ... + bm (Tds)
m

1 + a1Tds + ... + an (Tds)n
, (11)

where n and m are the Pade approximant orders. In this paper
n = m so that the frequency-response amplitude is always one.
The coefficients of (11) can be found in [25].

The state-space representation of the converter output voltage
with time delays in (10) can be written as

d

dt
Δxdq

d = Adq
d Δxdq

d + Bdq
d Δv′dq

S , (12)

Δvdq
S = Cdq

d Δxdq
d + Ddq

d Δv′dq
S , (13)

where Adq
d , Bdq

d , Cdq
d , and Ddq

d can be obtained by transforming
(11) to its controllable canonical form [26].

By substituting (13) in (5), and merging this result with (12),
the converter small-signal model with time delays becomes:

d

dt

[
Δxdq

f

Δxdq
d

]
=
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CI =
[
I2×2 02×2 02×2 02×4

]
, (16)

CC F =
[
02×2 I2×2 02×2 02×4

]
, (17)

CO =
[
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]
. (18)
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Fig. 3. Block diagram showing the connections between the converters and the network small-signal models. The aggregated VSC model includes the PLL,
the power controller, the current controller, and the LCL filter model with time delays and dead-time effects. The power system model aggregates the models of
VSC1, VSC2, and the network.

D. Power System Modelling

The electrical system state-space model can be obtained by
merging the LCL filter model of both VSCs with the rest of the
electrical system, as shown in Fig. 3 (the detailed procedure can
be found in the Appendix, Section E), yielding

d
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(19)

[
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]
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]
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, (20)

where AN , B∗
N , Bd

N , and CN are the state matrices required to
perform the small-signal analysis. These matrices are defined in
the Appendix, Section E, in (43) and (44), shown at the bottom
of page 9. All the notation is defined in the Appendix.

The VSC that emulates the grid (VSC3) has also been mod-
elled and included in the small-signal model in order to provide
valid and representative experimental results.

IV. ANALYSIS OF THE IMPLEMENTATION EFFECTS

A. Dead-Time Effect

The dead-time model in (8) is calculated according to Id
I

and Iq
I , the DC voltage value (VDC ), the sampling time (TS ),

and the dead-time value (Tdead ). The DC-bus voltage variation
during transients is neglected, while TS and Tdead are constant.
Therefore, only the effects of Id

I and Iq
I will be evaluated.

Fig. 4 shows the Bode plot of Y dd(s) = Id
I (s)/V d

S (s) and
Y dq = Iq

I (s)/V d
S (s), which have been obtained from (6) when

the converter current is at its nominal value. No connection to
the rest of the system is considered for this theoretical study.
The resonance peak of the frequency response is smaller when
the switching dead-time is included in the model. Also, it can be

Fig. 4. Frequency response magnitude of (a) P dd (s) = Id
I (s)/V d

S (s) and
(b) P dq = Iq

I (s)/V d
S (s).

Fig. 5. Natural frequency (left) and damping factor of the small-signal model
dominant pole (right), in terms of Id

I and Iq
I .

seen that the switching dead-time introduces additional damp-
ing to the system. Fig. 5 shows the damping factor and natural
frequency of (6) when Id

I and Iq
I are modified. When the current

magnitude is smaller than 15 A, the eigenvalues are real and the
damping factor is one. When the current increases, the eigenval-
ues become complex and the damping factor decreases. Mean-
while, the natural frequency remains almost constant. There-
fore, the additional damping introduced by the dead-time effect
is more relevant for the current magnitudes close to zero.

B. Time Delay Effect

Fig. 6(a) shows the phase of an ideal delay, together with
the phase of a Padé approximant for different values of n. In
addition, Fig. 6(b) shows the time response of the aggregated
VSC model (defined in (36) and (40)) when a step change is
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Fig. 6. (a) Phase of an ideal delay, and of Pade approximant with orders 1,
2, 3, and 4. (b) Time response of the aggregated VSC model with the GCF
controller when a step change in ΔP ∗ is applied for ideal delay (solid), n = 1
(dotted) and n = 2 (dashed) Padé approximant.

Fig. 7. Closed-loop eigenvalues trajectories when (a) and (b) the CCF and (c)
and (d) the GCF controllers are applied and the grid inductance (Lg ) increases.

applied in ΔP ∗, for an ideal delay, and for a Pade approximant
with n = 1 and n = 2. If n = 1, the phase introduced by the
Pade approximant at the resonance frequency (ωr ) has a large
error. Moreover, the closed-loop system is unstable. For n ≥ 2,
the closed-loop system is stable and the time responses match.
These results are consistent with recent studies that have re-
vealed the impact of time delays on the closed-loop stability of
LCL filters [20], [21].

V. STABILITY ANALYSIS

The eigenvalue analysis was used to evaluate the system ro-
bustness against Lg variations.

Fig. 7 shows the trajectory followed by the system eigen-
values when Lg varies between 0.25 mH and 6.5 mH for the
CCF and the GCF controllers. When Lg increases, some of
the low- and medium-frequency eigenvalues move towards the
unstable region, compromising the system stability. Therefore,
the system damping is reduced when Lg increases. However,
this analysis does not provide information about the input (or a
combination of inputs) that can excite these critical modes and

Fig. 8. Frequency response of the maximum SV for the CCF and participation
of the inputs and outputs.

Fig. 9. Frequency response of the maximum SV for (a) the CCF and (b) the
GCF controllers, when the grid inductance (Lg ) increases.

produce oscillatory effects. This issue will be solved by using
the proposed SVD analysis.

Fig. 8 shows the frequency response of the maximum SV for
the CCF controller and how it is related to different inputs. It
can be seen that the maximum SV is mainly related to ΔvD

g

in the critical range with higher values of the maximum SV.
This suggests that grid voltage disturbances have a significant
impact on the network stability. Fig. 9 shows the frequency
response of the maximum SV, for different values of Lg . It can
be seen that the shape of the frequency response varies. For small
values of Lg , the peak values are in the medium-frequency range
(30–40 Hz) for both types of controllers (CCF and GCF). This
indicates that the system has a resonance that will amplify grid
voltage disturbances (ΔvD

g ), even when the grid connection
is stiff. On the other hand, when Lg increases, the medium-
frequency resonance is attenuated. However, a new resonance
appears at lower frequencies. This indicates that for large values
of Lg low-frequency oscillations will be amplified. This result
will be validated in the test network.
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Fig. 10. Transient response of the small-signal model and experimental results
for (a) a step change vD Q

g = −0.2 pu and (b) a step change Δfg = +0.1 Hz.

VI. EXPERIMENTAL VALIDATION

A. Description of Laboratory Test Network

Fig. 1 shows the electrical single-line diagram of the labora-
tory test network that has been used to validate the theoretical
developments. The tests have been carried out in the Smart
Energy Integration Lab (SEIL) [27]. The nominal line-to-line
voltage is 400 V and 50 Hz. Both converters (VSC1 and VSC2)
have the same rated power (15 kVA) and the same LCL fil-
ters. The LCL filter values are LI = 2.3 mH, Cf = 8.8 μF,
and Lo = 0.93 mH. The grid is emulated with another con-
verter (VSC3) that is operated in open loop with L′

I = 2.3 mH,
C ′

f = 8.8 μF, and L′
o = 1.3 mH. The sampling and switching

periods are 100 μs for all the VSCs. The dead time value is
2 μs.

P ∗
1 = P ∗

2 = 0.2 pu, Q∗
1 = Q∗

2 = 0 pu, and ωc−pll = 2π rad/s
were used in the test. The loads have been disconnected to test
the system under the worst possible conditions. However, to
have the voltages properly defined RL1 = RL2 = 10 kΩ has
been used in the small-signal model as in [9].

B. Small-Signal Model Validation

The accuracy of the small-signal model in (19) was validated
by comparing the model and the test network transient responses
against step changes in the grid voltage magnitude (vDQ

g ) and
in the grid frequency (fg ), when the CCF controller was used.

Fig. 10(a) shows the transient response of the small-signal
model and the prototype to a step change in the grid voltage
magnitude from 1 to 0.8 pu. The low-frequency dynamics are
well represented by the model. The ripple is due to the distortion
generated by the switching process on top of the signals and it
cannot be predicted by the proposed linear model. Fig. 10(b)
shows the small-signal model and the prototype transient re-
sponses when a frequency step change from 50 to 49.9 Hz takes
place. It can be seen that the small-signal model accurately
represents the test network dynamics.

Fig. 11. Frequency response of the small-signal model excluding (solid) and
including (dashed) the dead-time effects. (squares) represent the experimental
results. (a) GCF-PI controller. (b) CCF-PI controller.

C. SVD Analysis Validation

The results from the SVD analysis were also experimentally
validated. Fig. 11 shows the Bode plot of the maximum SV. It
can be seen that the system has a frequency range in which grid
voltage disturbances are amplified. This issue was validated by
injecting oscillations into the grid voltage amplitude (flicker)
with VSC3. Clearly, the experimental results exhibits the same
amplification predicted by the SVD analysis in Section V.

Fig. 12 shows the steady-state output currents of VSC1 and
VSC2 of (black) the small-signal model and (grey) the ex-
perimental setup, for three different frequencies. Clearly, the
fundamental component of the small-signal model accurately
represents the low-frequency system dynamics.

VII. DISCUSSION

An accurate small-signal model of VSCs for the stability
analysis of power electronics-based power networks has been
presented in this paper. The proposed model includes the dead-
time and time-delay effects that are typically ignored in the
analyses. Also, two single-loop current control strategies have
been evaluated. The impact of the modelling of the implementa-
tion effects has been investigated analytically and the principal
results summarized in the following text:

1) The impact of the dead-time effect on the small-signal
model has been evaluated. The analysis presented in
Section IV-A revealed the dead-time produces a signif-
icant damping effect related to the converter-side current
(iI ). It has been shown that this damping effect is more
relevant for the current magnitudes close to zero and its
impact decreases with the increase of the magnitude. The
damping effect depends on the ratio between the dead-
time value and the sampling period (Tdead/TS ) and is
proportional to the DC-capacitor voltage (vDC ). There-
fore, the damping introduced by the dead-time effect is
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Fig. 12. Small-signal model (black) and experimental output currents of VSC1
and VSC2 (grey) when a low-frequency oscillation (flicker) is added to the VSC
that emulates the grid voltage (VSC3).

more significant in high-powers converters. Also, it has
been shown that this damping effect is more pronounced
at low and medium-frequency ranges (see Fig. 11). The
small-signal model excluding the dead-time effect shows
two resonance peaks that are attenuated when the dead-
time effect is included. Moreover, the dead-time effect
does not have a significant impact at high frequencies
(resonance of the LCL filter or above). The experimental
results showed the same attenuation as those obtained by
using the analysis based on the small-signal modelling. In
conclusion, if dead-times are not modelled the magnitudes
of any possible resonances in the small-signal model are
overestimated.

2) The impact of the time-delay modelling on the accuracy
of the small-signal model has been analytically evaluated.
The analysis presented in Section IV-B revealed that time-
delays have a significant impact on the closed-loop stabil-
ity of the LCL-based VSCs (see Fig. 6). It has been shown
that when time-delays are not modelled the closed-loop
small-signal model fails to capture the dynamic properties
of the non-linear system. For example, Fig. 13(a) and (b)
show the comparison of the transient responses between
the models that include and exclude the time-delay and the
experimental prototype with the CCF and the GCF strate-
gies applied, respectively. It can be seen that the prototype
and the model that includes the time-delay effect shows

Fig. 13. Transient response of the small-signal model excluding and including
the time-delay effect, and the experimental results.

the same dynamic performance. However, the response of
the model that does not take into account the time-delay ef-
fect features significant differences when compared to the
transient response of the prototype. If the CCF controller
is used, the model that excludes the time-delay presents a
more damped transient response and a smaller overshoot.
When the GCF controller is used the model that excludes
the time-delay is unstable even though the experimental
results show that the prototype is stable. This is consistent
to the results obtained in previous research studies em-
phasising the contribution of time delays to the stability
of VSCs connected via LCL filters [20], [21]. Therefore,
time-delays should not be ignored when analysing the
stability of LCL-based VSCs because of their significant
impact on the accuracy of the small-signal model.

3) The stability analysis showed that the two single-loop
current control strategies (GCF and CCF) have a simi-
lar impact on the stability of the power system. The fre-
quency response of the maximum SV for both controllers
showed that grid voltage disturbances are amplified in the
medium-frequency range. Also, the value of the grid cou-
pling inductance affects the magnitude of the resonance.
When the grid inductance increases, a new resonance ap-
pears in the lower frequency range (see Fig. 9). Alternative
control strategies like Model Predictive Control and/or
non-linear control techniques can be used to modify the
power system frequency response and are of particular
interest for future studies.

VIII. CONCLUSION

In this paper, an accurate and integrated VSCs model for the
stability analysis of VSCs connected to weak grids has been
presented. The analysis has revealed the dead-time effects, fre-
quently ignored in the stability analysis of power systems, pro-
duce a significant damping effect that is linked with the output
current level delivered by the converter. Also, it has been shown
the time delay effects should not be neglected, especially if
LCL filters are used. All these implementation effects have been
included in the integrated small-signal model of VSCs in order to
have an improved representation of the power system dynamics.
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The SVD analysis was applied to study the frequency-
response properties of the electrical network. It has been shown
this method is an effective tool for finding possible network res-
onances. In addition, the eigenvalue analysis has revealed how
sensitive the system is to grid impedance variations. Finally, it
has been shown that both feedback control strategies, the grid-
current and the converter-current control, lead to similar results.

All the theoretical developments were experimentally vali-
dated by using a dedicated laboratory test network designed to
include the network lines, the grid impedances and the power
converters. The proposed model successfully and accurately re-
produced the test network dynamics. All the system equations
have been provided in an Appendix.

The future developments include the selection of alterna-
tive control topologies and improved control system design for
power converter applications in weak grids.

APPENDIX POWER SYSTEM MODELLING EQUATIONS

A. Control System Modelling

A possible state-space representation of a current controller
like (1) (one each axis) is:

d

dt
Δϕdq = AC Δϕdq + BC (Δidq∗ − Δidq ), (21)

Δv′dq
S = CC Δϕdq + DC (Δidq∗ − Δidq ), (22)

where AC = 02×2 , BC = KI I
2×2 , CC = I2×2 , DC =

KP I2×2 , Δϕ is an auxiliary state variable, Δidq∗ is the cur-
rent reference, and Δidq is the feedback current. The CCF and
GCF strategies can be modelled by substituting Δi = ΔiI or
Δi = ΔiO in (21) and (22), respectively.

B. Modelling of the Reference Current Generation

The reference current is generated with the non-linear instan-
taneous active and reactive power equations [28]:

[
id∗

iq∗

]
=

[
vd vq

vq −vd

]−1[
P ∗

Q∗

]
. (23)

By linearising (23) around an operating point:

Δidq∗ = MV 1ΔPQ∗ − MV I1Δvdq , (24)

where

MV 1 =

[
V d V q

V q −V d

]−1

, MV I1 = MV 1

[
Id Iq

−Iq Id

]
. (25)

The CCF control strategy can be modelled by substituting vdq =
vdq

C , idq = Idq
I , V dq = V dq

C , and Idq = Idq
I in (25), while the

CCF controller can be modelled by substituting vdq = vdq
pcc ,

idq = idq
O , V dq = V dq

pcc , and Idq = Idq
O in (25).

C. SRF-PLL Modelling

A Synchronous Reference Frame PLL (SRF-PLL) has been
considered in this paper [1], [24]. Fig. 3 shows the linearised
SRF-PLL block diagram, where the q-axis PCC voltage in the
dq frame (vq

pcc ) can be linearised as follows:

Δvq
pcc = KθΔθpll + KV ΔvDQ

pcc , (26)

with

KΘ = V D
pcc cos Θpll − V Q

pcc sin Θpll ,

KV = [− sin Θpll cos Θpll ], (27)

where θpll is the PLL angle, while Θpll and V Q
pcc are the operating

point values. All the PLL equations presented before can be

AC C F
inv =

⎡
⎢⎣

Af d − BS
f dDC CI − BS

f dDC MV I1CC F BS
f dCC Bω

f dC
ω
pll + Bpcc

f d R−1
V Cθ

pll

−BC CI − BC MV I1CC F AC 0

0 0 Apll

⎤
⎥⎦ (33)

BC C F −pcc
inv =

⎡
⎢⎣

Bpcc
f d R−1

S + Bpcc
f d R−1

S Dθ
pll + Bω

f Dω
pll

0

Bpll

⎤
⎥⎦, BC C F −∗

inv =

⎡
⎢⎣

BS
f dDC MV 1

BC MV 1

0

⎤
⎥⎦, BC C F −ω

inv =

⎡
⎢⎣

−Bω
f d

0

Bω
pll

⎤
⎥⎦ (34)

AGC F
inv =

⎡
⎢⎣

Af d + BS
f dDC CO BS

f dCC Bω
f dC

ω
pll + Bpcc

f d R−1
V Cθ

pll − BS
f dDC MV I2R

−1
V Cθ

pll

−BC CO AC −BC MV I2R
−1
V Cθ

pll

0 0 Apll

⎤
⎥⎦ (36)

BGC F −pcc
inv =

⎡
⎢⎣

Bpcc
f d R−1

S + Bpcc
f d R−1

S Dθ
pll + Bω

f Dω
pll − BS

f dDC MV I2RS − BS
f dDC MV I2R

−1
V Dθ

pll

−BC MV I2RS − BC MV I2R
−1
V Dθ

pll

Bpcc
pll

⎤
⎥⎦

BGC F −ω
inv =

⎡
⎢⎣

−Bω
f d

0

Bω
pll

⎤
⎥⎦, BGC F −∗

inv =

⎡
⎢⎣

BS
f dDC MV 2

BC MV 2

0

⎤
⎥⎦ (37)
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merged, yielding

d

dt

[
Δx

Δθpll

]
= Apll

[
Δx

Δθpll

]

︸ ︷︷ ︸
Δxp l l

+Bpcc
pll ΔvDQ

pcc +

[
0

−1

]

︸ ︷︷ ︸
B ω

p l l

Δωg ,

(28)
[

Δθpll

Δωpll

]
=

[
Cθ

pll

Cω
pll

]

︸ ︷︷ ︸
Cp l l

[
Δx

Δθpll

]
+

[
Dθ

pll

Dω
pll

]

︸ ︷︷ ︸
Dp c c

p l l

ΔvDQ
pcc +

[
0

−1

]
Δωg ,

(29)

where x is an auxiliary variable. The state-space matrices Apll ,
Bpcc

pll , Bω
pll , Cpll , and Dpcc

pll can be found in [24].

D. Aggregated VSC Model

Fig. 3 shows the converter small-signal model obtained by
aggregating the LCL filter model, the power and current con-
trollers, the PLL, the time delay, and the dead-time model. The
converter output variables (idq

O ) are referred to the DQ-frame,
while the converter input variables (vDQ

pcc ) are referred to the
dq-frame by using the rotation matrix (2) in order to connect
each VSC to the power system. The required equations to refer
the signals dq and DQ frames are [9]:

ΔiDQ = RS Δidq + RC Δθpll , (30)

Δvdq = R−1
S ΔvDQ + R−1

V Δθpll , (31)

where RS , RC , and RV are presented in [9].
1) Power Converter Model With CCF Controller: In this

case, the aggregated small-signal model results:

d

dt
Δxvsc = AC C F

vsc Δxvsc + BC C F −pcc
vsc ΔvDQ

pcc

+ BC C F −∗
vsc ΔPQ∗ + BC C F −ω

vsc Δωg , (32)

where AC C F
vsc , BC C F −pcc

vsc , BC C F −∗
vsc , and BC C F −ω

vsc are the state
and input matrices defined in (34) and (35), shown at bottom of
the previous page. and Δxvsc = [Δxdq

f d Δϕdq Δxpll ]
′.

2) Power Converter With the GCF Controller: In this case,
the aggregated small-signal model becomes

d

dt
Δxvsc = AGC F

vsc Δxvsc + BGC F −pcc
vsc ΔvDQ

pcc +

BGC F −∗
vsc ΔPQ∗ + BGC F −ω

vsc Δωg , (35)

where AGC F
vsc , BGC F −pcc

vsc , BGC F −∗
vsc , and BGC F −ω

vsc are the state
and input matrices defined in (36) and (37), shown at bottom of
the preivous page.

The output equation is the same for both control strategies
and it can be obtained from (30), yielding

ΔiDQ
O = [02×2 02×2 RS 02×2 02×1 RC ]︸ ︷︷ ︸

Cv s c

Δxvsc , (38)

E. Power System Modelling

The small-signal model of the lines that interconnect line 1,
2, and the grid model can be written as:

d

dt
ΔiDQ

l12 = Al12ΔiDQ
l12 + Bpcc1

l12 ΔvDQ
pcc1

+ Bpcc2
l12 ΔvDQ

pcc2 + Bω
l12Δωg , (39)

d

dt
ΔiDQ

g =AgΔiDQ
g + Bpcc1

g ΔvDQ
pcc1 +Bg

g ΔvDQ
g + Bω

g Δωg ,

(40)

where ig is the grid current and il12 is the current between the
nodes 1 and 2. The state-space matrices Al12 , Bpcc1

l12 , Bpcc2
l12 ,

Bω
l12 , Ag , Bpcc1

g , Bpcc2
g , and Bω

g can be found in [9].
In (32), (35), (39), and (40), the voltage at the nodes 1 and 2

(vdq
pcc1 and vdq

pcc2) can be defined by using the resistive loads:

ΔvDQ
pcc1 = RL1(ΔiDQ

l12 + ΔiDQ
O1 − ΔiDQ

g ), (41)

ΔvDQ
pcc2 = RL2(ΔiDQ

O2 − ΔiDQ
l12 ), (42)

By substituting (41) and (42) in (32), (35), (39), and (40), the
complete system model shown in (19) and (20) is obtained.

For the experimental validation the grid connection was em-
ulated by using an additional VSC (VSC3), as explained in
Section VI-A. This VSC can be added to the power system
model by using a LCL filter model like (5) with dead-time
effects (8), instead of the grid model in (40).

AN =

⎡
⎢⎢⎢⎢⎣

Ai
inv1 − Bi−pcc

inv1 RL1Cvsc1 0 Bi−pcc
inv1 RL1 −Bi−pcc

inv1 RL1

0 Ai
inv2 − Bi−pcc

inv2 RL2Cvsc2 −Bi−pcc
inv2 RL2 0

Bpcc1
l12 RL1Cvsc1 Bpcc2

l12 RL2Cvsc2 Al12 + Bpcc1
l12 RL1 − Bpcc2

l12 RL2 Bpcc1
l12 RL1

Bpcc1
g 0 Bpcc1

g RL1 Ag − Bpcc1
g

⎤
⎥⎥⎥⎥⎦

(43)

B∗
N =

⎡
⎢⎢⎢⎣

Bi−∗
inv1 0

0 Bi−∗
inv2

0 0

0 0

⎤
⎥⎥⎥⎦, Bd

N =

⎡
⎢⎢⎢⎢⎣

0 Bi−ω
inv1

0 Bi−ω
inv2

0 Bω
l12

Bg
g Bω

g

⎤
⎥⎥⎥⎥⎦

, BN =

[
B∗

N 0

0 Bd
N

]
(44)
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Abstract—Most Renewable Energy Sources (RES) are inter-
faced to electricity grids via Voltage Source Converters (VSCs).
To facilitate the integration, the controllers based on emulation of
synchronous generators have been increasingly used. This control
technique is commonly referred to as Virtual Synchronous
Machine (VSM) and recent studies have shown that VSMs
are sensitive to variations in the network parameters if no
countermeasures in form of virtual impedances are applied.
However, a thorough and comprehensive methodology for the
design of virtual impedance for VSMs has not been yet presented
in the literature and the development of such procedure for the
VSMs connected to weak grids is the principal objective of this
paper. Each dynamic element of the VSM is modelled and all
of them are then joined together forming a state-space model.
The eigenvalue and Singular Value Decomposition (SVD) analyses
were used then to evaluate the impact of the grid model and the
virtual impedance on the VSM dynamics. From these results, a
practical guide to design both the VSM and the virtual impedance
parameters was proposed. All the theoretical developments were
validated experimentally on a 15 kVA prototype of a VSM
connected to a weak grid.

Index Terms—Power system modelling, control system, stabil-
ity, power conversion, distributed power generation.

NOMENCLATURE

Variables:

i1 Converter-side current
i2 Grid-side current
eS VSC output voltage
vS VSM command voltage
vpcc PCC voltage
vg Ideal grid voltage
ωs, θs Synchronous frequency and angle
ω∗s Synchronous frequency set point
Tm, Te Mechanical and electro-mechanical torques
ψv Virtual flux
p, q Active and reactive power delivered to the grid
P ∗, Q∗ Active and reactive power set points

Parameters:

Jv Moment of inertia
KQ Reactive-power controller integral gain
DP , DQ Active and reactive power droop gains
RV , LV Virtual resistance and inductance

Alberto Rodrı́guez-Cabero, Milan Prodanovic and Javier Roldán-
Pérez are with the Electrical Systems Unit, IMDEA Energy Insti-
tute, Madrid, 28935 Spain. (e-mail: alberto.rodriguez, milan.prodanovic,
javier.roldan@imdea.org).

I. INTRODUCTION

A. Motivation and Incitement

The RES integration to electricity networks is the main
driving force behind the changes of the power system op-
eration paradigm. In this scenario, RES and other elements
connected to the grid by using power electronics converters
represent a sizeable share of generation units. For this reason,
system operators are requesting grid voltage and frequency
support from these devices [1]. In many cases, RES are
located in remote locations and they have to be connected
to the main grid by using long distribution lines creating parts
of the network usually defined as “weak grids” [2]. These
weak connections introduce critical issues to the power system
operation by making the regulation of voltage profiles more
difficult to and by limiting the power transmission capacity [3].
Moreover, high penetration of RES based on power electronics
converters can lead to interactions between them and other
network elements [4].

B. Literature Review

Several authors have studied the problem of RES integration
to microgrids and weak grids from the network point of
view, proposing hierarchical control schemes (primary, sec-
ondary and tertiary controllers) and analysing their dynamic
properties [5–7]. Typically, these control strategies include
a local controller (current and/or voltage) and a primary
controller based on the well-known droop method [8–10].
Then, secondary and tertiary regulation is achieved by using
controllers that work on a different time scale. These high-
level controllers can be implemented in a centralised or
decentralised manner [11–14].

A recent concept to simplify the integration of VSCs from
the primary controller point of view is to emulate the dynamics
of conventional generators with their control system [15]. This
control technique is commonly known as VSM and it mimics
the electro-mechanical transient response of a synchronous
generator. VSMs are an attractive approach for a smooth
integration of RES to power systems since they are inherently
designed to operate together with synchronous generators.
However, VSMs are non-linear and this fact makes them more
challenging to design and analyse. Moreover, closed-loop sta-
bility of VSMs must be guaranteed over all possible scenarios
and operating conditions such as weak grid. For example,
Dong and Chen [16] studied frequency oscillations caused
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by VSMs under certain grid conditions, e.g. single phase-to-
earth faults. A solution to damp oscillations was provided by
using an auxiliary control loop that adjusted the VSM transient
response. Ma and Zhong [17] proposed a control strategy
based on VSMs for variable-speed wind turbines connected
to the grid via back-to-back (BTB) converters. As a result, the
BTB converter was equivalent to a generator-motor-generator
system, and it was possible to guarantee an adequate operation
of the wind turbine. Aouini et al. [18] proposed a VSM
control strategy for a HVDC-VSC link that interconnected
two weak grids. Transient stability issues of the weak grids
were considered to design of VSMs parameters. The VSM
alternative was compared to the standard space-vector control,
revealing that VSMs provided better transient performance
and stability indices. Natarajan and Weiss [19] proposed five
modifications to the conventional VSM controller based on
virtual impedances. Stability and performance improved, but
stability issues for weak grid applications were not studied.
Chen et al. [20] proposed a VSM for the integration of DC-
microgrids into the main AC grid. A VSM was implemented
on top of a dual-droop control in order to manage the power
transferred between the two grids. Shuai et al. [21] studied
stability limits of a distribution network that included VSMs. A
small-signal model was developed and the influence of droop
coefficients on the system stability was analyzed by using
the eigenvalue analysis and the bifurcation theory. Roldán-
Pérez et al. [22] proposed an alternative VSM formulation
and a systematic approach to design its parameters. The VSM
discretization was also studied and several implementation
issues were solved. This literature review revealed that there
are many research studies evaluating the potential use of
VSMs. Also, several authors already studied the grid influence
on the stability and transient performance of VSMs. However,
a systematic design of the VSM parameters under weak grid
conditions has not been yet addressed and this represents the
main objective of the study provided in this paper.

In recent years the virtual impedance control technique has
gained popularity since it offers a simple way of modifying
the output impedance of grid-connected VSCs [23]. Virtual
impedances are mainly used to improve power-sharing capa-
bilities of converters in microgrids [24, 25], although they can
also be used to improve performance under grid faults [26] and
to deal with power quality issues [27]. The virtual impedance
has already been applied to VSMs in order to improve their
power sharing capabilities. For example, Suul et al. [28]
proposed a single-phase battery charger for electric vehicles
controlled as a VSM. Internal current and voltage controllers
were used and an additional virtual impedance added. The vir-
tual impedance was necessary to guarantee a stable operation
under stiff grids conditions and when more than one VSM
is operated in parallel. Piya et al. [29] analysed the stability
properties of a VSM showing that stability margins were
directly related to the presence of external passive elements.
A virtual resistor was proposed as an effective solution to
improve stability margins. Several authors have highlighted the
benefits of virtual impedances for VSMs. However, a detailed
analysis tools and control design procedure have not been
addressed yet and represent the main goal of this paper.

C. Principal Contributions

With an objective to improve stability margins in VSM
applications across a range of different grid impedance sce-
narios, this paper proposes a novel method to design the VSM
parameters with added virtual impedance. In order to do so a
small-signal model of the VSM with the virtual impedance is
derived and then comprehensively studied.

Moreover, the impact of the virtual impedance and the
grid model on the VSM stability properties is evaluated by
using the system eigenvalues and singular values. Variations
of the grid model and the VSM control parameters are all
taken into consideration and the obtained results are critically
compared. Based on the results of the evaluation, a practical
guide to design of the VSM and virtual impedance parameters
is presented.

The small-signal model and the proposed control design
procedure are validated in simulation and then also by using
a experimental test environment – a 15 kVA VSM converter
prototype connected to a configurable weak grid.

II. APPLICATION AND CONTROL SYSTEM OVERVIEW

A. Virtual Synchronous Machine Application

Fig. 1 shows the electrical and control system diagram of
the VSM that will be studied in this paper [22]. The system
consists of a VSC connected to the AC grid via a LCL filter and
it emulates the dynamic response of a synchronous generator.
The converter-side inductance is L1, the grid-side inductance
is L2, and the filter capacitor is Cf . The grid is modelled as
an equivalent impedance (Zg) representing the power network
topology and dynamic properties of all power converters
connected in its proximity. As an example, Agorreta et al. [30]
showed that when N identical converters are connected in
parallel to the grid and operated in a coordinated way the
equivalent impedance seen by each converter is the nominal
grid impedance multiplied by N . In this paper it is assumed
the power converter is connected to the grid via a long line
producing the equivalent grid impedance Zg(s) ≈ Rg + Lgs.
The modelling approach proposed in this paper is generic
and can be applied to any arbitrary complex grid model. A
Synchronous Reference Frame (SRF) synchronized with the
q-axis component of VSM internal voltage (vS) is used for
the controller implementation.

B. VSM Control System Overview

The VSM formulation in a SRF is summarised [22], and
depicted in Fig. 1. The VSM virtual shaft can be modelled
with

Jv · dωs/dt = Tm − Te + DP (ω∗s − ωs)︸ ︷︷ ︸
Frequency droop

, (1)

where ωs is the synchronous frequency and ω∗s is its set point,
Tm and Te are mechanical and electro-mechanical torques, DP

is the active power droop gain, and Jv is the virtual moment
of inertia. The torques can be computed as:

Tm = P ∗/ωs, Te = p/ωs, (2)
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Fig. 1. Electrical and control system diagram of a power electronics converter connected to the grid. The converter emulates the dynamics of a synchronous
machine.

where p is the instantaneous active power and P ∗ is its set
point. As shown in [15], the relative difference between ωs
and ω∗s is small in grid applications. Therefore, by assuming
that ωs ≈ ω∗s , the relation between torques and powers in (2)
becomes linear. Therefore, the mechanical and the electro-
mechanical torques can be calculated in terms of the instanta-
neous active power (p) and its set point (P ∗), respectively:
Te = p/ω∗s and Tm = P ∗/ω∗s . Hence, the virtual shaft
equation can be rewritten as

dωs/dt = KJω(P ∗ − p) +KDJ(ω∗s − ωs), (3)
dθs/dt = ωs, (4)

where KJω = 1/(Jvω
∗
s ) and KDJ = DP /Jv .

Reactive power is controlled by using the VSM virtual
flux (ψv) that is computed as

dψv/dt = KQ(Q∗ − q +DQ · (|v∗pcc| − |vdqpcc|)︸ ︷︷ ︸
V oltage droop

), (5)

where q is the instantaneous reactive power, Q∗ is the re-
active power set point, KQ is the reactive-power controller
integral gain, DQ is the reactive-power droop gain, |vdqpcc| is
the instantaneous voltage modulus at the Point of Common
Coupling (PCC) and |v∗pcc| is its set-point value. The VSM
d-axis internal voltage is set to zero (vdS = 0), while the q-axis
component is

vqS = ψvωs. (6)

In this paper, the grid-side active and reactive powers are
used as feedback signals and the voltage at the PCC (vdqpcc)
represents the output voltage of the VSM [19]. By using the
power invariant Park’s transform, active and reactive powers
can be calculated as in [31]:

p = vdpcci
d
2 + vqpcci

q
2, (7)

q = vqpcci
d
2 − vdpcciq2, (8)

where i2 is the grid-side current.

C. Virtual Impedance for VSMs

Fig. 2 (a) shows an equivalent block diagram of the virtual
impedance concept for VSMs [19, 32]. The VSM output

voltage (eS) is generated by adding an additional feedback
loop to the VSM command voltage (vS) that includes a Low-
Pass Filter (LPF) and the virtual impedance transfer function
(ZV (s)). The virtual impedance can be defined as follows:

ZV (s) = RV + LV s, (9)

where RV and LV are the virtual resistance and inductance,
respectively, and VS(s) and ES(s) are the Laplace transfor-
mations of vS(t) and eS(t), respectively. Transfer function
P (s) models the LCL filter, linking the VSC output voltage
and the grid-side current. In practice, pure derivative terms
are rarely used to implement virtual impedances as they
would amplify noise. Instead, an algebraic approximation
at the synchronous frequency (ωs) can be used [23]. This
approximation is obtained by substituting s = jωs in (9).
Fig. 2 (b) shows a block diagram that represents the algebraic
approximation of the virtual impedance. One should notice
this is a steady-state approximation and is equivalent to (9)
only at the synchronous frequency. By using this formulation,
the synchronous frequency is needed in the virtual impedance
to adjust the virtual reactance, XV = LV ωs.

The direct use of the algebraic approximation is not recom-
mended in weak grids since it can amplify noise and generate
high-frequency stability problems [23]. Therefore, a filtered
version if idq2 (idq2−f ) is added to the virtual impedance loop.
A first-order LPF is applied to each of the components of
idq2 before applying the virtual impedance. The state-space
representation of the two LPFs can be written as:

d

dt
id2−f = ωc · (id2 − id2−f ), (10)

d

dt
iq2−f = ωc · (iq2 − iq2−f ), (11)

where ωc is the cut-off frequency of the LPF.

D. Small-Signal Modelling Approach

In this paper, all the system elements are aggregated in a
state-space model referred to a common reference frame (DQ)
that is synchronized to the ideal grid voltage (vg) shown
in Fig. 1 [33]. The VSM has its own reference frame (dq)
synchronized to the VSM command voltage (vS). The VSM
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equations are referred to the DQ reference frame by using the
following rotation matrix:

[
fD

fQ

]
=

[
cos θ − sin θ
sin θ cos θ

]

︸ ︷︷ ︸
R(θ)

[
fd

fq

]
, (12)

where θ is the angle between the reference frames, while fDQ

and fdq represent dq-components of currents and voltages.

E. Singular Value Decomposition (SVD)

Consider the following state-space representation of a LTI
system:

ẋ(t) = Ax(t) +Bu(t), (13)
y(t) = Cx(t) +Du(t). (14)

where A, B, C and D are the system state-space matrices.
The transfer-function matrix of the aforementioned state-space
model can be calculated as [34, 35]:

G(s) = C(sI −A)−1B, (15)

where I is the identity matrix. For any given frequency, the
SVD can be calculated as follows:

G(jω) = U(jω)Σ(ω)V T (jω), (16)

where Σ(ω) are the Singular Values (SV), and U(jω) and
V (jω) are the left and right singular vectors of G(jω),
respectively [34, 35].

III. VSM SMALL-SIGNAL MODELLING

A. LCL Filter Model

One possible small-signal model of a LCL filter can be
written as follows [36]:

d

dt
∆xdqf = Af∆xdqf +BSf ∆edqS +Bpccf ∆vdqpcc+B

ω
f ∆ωs, (17)

∆idq2 = CL2∆xdqf , (18)

with

Af =




−R1
L1

Ωs 0 0 0 0

−Ωs −R1
L1

0 0 0 0

0 0 − 1
Cf

Ωs 0 0

0 0 −Ωs − 1
Cf

0 0

0 0 0 0 −R2
L2

Ωs

0 0 0 0 −Ωs −R2
L2



, (19)

BSf =




1
L1

0

0 1
L1

0 0
0 0
0 0
0 0



, Bpccf =




0 0
0 0
0 0
0 0
− 1
L2

0

0 − 1
L2



, Bωf =




Id2
Iq2
V df
V qf
Id2
Iq2



, (20)

where the symbol “∆” stands for the incremental operator,
CL2 = [02×2 02×2 I2×2], ∆xdqf = [idq1 vdqC idq2 ]T , vC is the
capacitor voltage, i1 is the converter-side current, and i2 is the
grid-side current. In this paper, upper-case Latin and Greek
symbols stand for “operating point”.

B. Modelling of the Power Calculation

The instantaneous active and reactive powers are computed
by using the non-linear equations (7) and (8), which can be
linearised around the operating point, yielding

∆p = V P∆idq2 + IP∆vdqpcc, (21)

∆q = V Q∆idq2 + IQ∆vdqpcc, (22)

with

V P =
[
V dpcc V qpcc

]
, V Q =

[
V qpcc − V dpcc

]
, (23)

IP =
[
Id2 Iq2

]
, IQ =

[
−Iq2 Id2

]
, (24)

where V dqpcc and Idq2 are the operating points - PCC voltage
and the grid-side current respectively.

C. Modelling of the Voltage Modulus Calculation

The instantaneous value of the PCC voltage modulus can
be computed as:

|vdqpcc| =
√

(vdpcc)
2 + (vqpcc)2. (25)

By linearising (25) around the operating point:

|∆vdqpcc| = MV ∆vdqpcc, (26)

where MV is the following row vector:

MV =
(

1/
√

(V dpcc)
2 + (V qpcc)2

)
·
[
V dpcc V qpcc

]
. (27)

D. Virtual Impedance and Low-Pass Filter Model

The VSC output voltage (edqS ) is computed by adding
the VSM command voltage (vdqS ) and the virtual impedance
contribution, yielding

edS = vdS −RV id2−f + LV ωsi
q
2−f , (28)

eqS = vqS −RV iq2−f − LV ωsid2−f . (29)
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By linearising (28) and (29) around the operating point:

∆edqS = ∆vdqS +

[
−RV LV Ωs
−LV Ωs −RV

]

︸ ︷︷ ︸
DI

∆idq2−f +

[
LV I

q
2−f

−LV Id2−f

]
∆ωs,

(30)

where Ωs is the operating point of the synchronous frequency.
The dynamic equations of the LPFs (10) and (11) are already
linear and the small-signal model can be obtained by substi-
tuting idq2 and idq2−f by their small-signal representations ∆idq2
and ∆idq2−f . Therefore:

d

dt
∆id2−f = ωc · (∆id2 −∆id2−f ), (31)

d

dt
∆iq2−f = ωc · (∆iq2 −∆iq2−f ), (32)

E. VSM Control System Model

The linearised version of the VSM equations (3), (4), and
(5) are:

d

dt
∆ωs = KJω(∆P ∗ −∆p) +KDJ(∆ω∗s −∆ωs), (33)

d

dt
∆ψv = KQ(∆Q∗ −∆q +DQ(|∆v∗pcc| − |∆vdqpcc|)), (34)

d

dt
∆θs = ∆ωs. (35)

Also, the q-axis component of the VSM command voltage (6)
can be linearised as follows:

∆vqS = Ψv∆ωs + Ωs∆ψv, (36)

where Ψv is the operating point of the virtual flux. By
substituting (21) in (33), (22) and (26) in (34), (36) in (30),
and aggregating the resulting equations with (31) and (32), the
linearised state-space model of the VSM control system with
virtual impedance is obtained:

d

dt
∆xc = Ac∆xc +Bic∆i

dq
2 +Bpccc ∆vdqpcc

+B|v|c |∆v∗pcc|+Bωc ∆ω∗s +BPQc ∆PQ∗,
(37)




∆edqS
∆ωs
∆θs


 =



CSc
Cωc
Cθc


∆xc, (38)

with

Ac =




−1 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 −ωc 0
0 0 0 0 −ωc


 , B

i
c =




−KJωV
P

−KQV
Q

0 0
ωc 0
0 ωc


 , (39)

Bωc =




KDJ

0
0
0
0


 , B

pcc
c =




−KJωI
P

KQDQMV −KJωI
Q

0 0
0 0
0 0


 , (40)

B|v|c =




0
KQDq

0
0
0


 , B

PQ
c =




KJω 0
0 KQ

0 0
0 0
0 0


 , (41)

CSc =

[
LV I

q
2−f 0 0 −RV LV Ωs

Ψv − LV Id2−f Ωs 0 −LV Ωs −RV

]
, (42)

Cωc =
[
1 0 0 0 0

]
(43)

Cθc =
[
0 0 1 0 0

]
(44)

where ∆xc = [∆ωs ∆ψv ∆θs ∆id2−f ∆iq2−f ]T , ∆PQ∗ =

[∆P ∗ ∆Q∗]T .

F. Aggregated VSM Model

Fig. 3 shows the VSM small-signal model obtained by
merging the LCL filter model in (17) and (18) with the control
system model in (37) and (38). The VSM input and output
variables are vdqpcc and idq2 , respectively, and they have to be
referred to the DQ-frame in order to connect the VSM to the
power system model. By linearising the rotation matrix (12),
the required equations are:

∆iDQ2 = RS∆idq2 +RC∆θs, (45)

∆vdqpcc = R−1S ∆vDQpcc +RV ∆θs, (46)

with
RS =

[
cos Θ − sin Θ
sin Θ cos Θ

]
, (47)
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RC =

[
−Id2 sin Θ− Iq2 cos Θ
+Id2 cos Θ− Iq2 sin Θ

]
, (48)

RV =

[
−V dpcc sin Θ + V qpcc cos Θ
−V dpcc cos Θ− V qpcc sin Θ

]
, (49)

where Θ is the angle between the dq and the DQ reference
frames at the operating point [33, 35].

The aggregated small-signal model of the VSM is:

d

dt
∆xsyn =Asyn∆xsyn +Bpccsyn∆vDQpcc +BPQsyn∆PQ∗

+Bωsyn∆ω∗s +B|v|syn|∆v∗pcc|,
(50)

∆iDQ2 = Csyn∆xsyn, (51)

with

Asyn =

[
Af BSf C

S
c +Bpccf RV C

θ
c

BicCL2 Ac +Bpccc RV C
θ
c

]
, BPQsyn =

[
0

BPQc

]
,

(52)

Bpccsyn =

[
Bpccf R−1

S

Bpccc R−1
S

]
, Bωsyn =

[
0
Bωc

]
, B|v|syn =

[
0

B
|v|
c

]
, (53)

where ∆xsyn = [∆xf ∆xc]
′ and Csyn = [RSCL2 RV C

θ
c ].

G. Power System Modelling

For simplicity, it was considered the converter is connected
to the grid via a long line and the equivalent grid model
Zg(s) ≈ Rg + Lgs is used. However, this linearization and
state-space representation can be applied to more complex
grid models that consider the power network topology and
the dynamic properties of other power converters connected.

The grid model can be linearised and represented as a state-
space model, yielding

d

dt
∆iDQg = Ag∆i

DQ
g +Bpccg ∆vDQpcc +Bgg∆vDQg , (54)

with

Ag =

[−Rg

Lg
Ωg

−Ωg
−Rg

Lg

]
, Bpccg =

[
1
Lg

0

0 1
Lg

]
, Bgg =

[−1
Lg

0

0 −1
Lg

]
,

(55)
where ig is the grid current.

Both the VSM and grid models consider the PCC voltage as
an input, however, this variable has not been properly defined.
In order to have a feasible numerical solution, a virtual resistor
RH should be assumed between the PCC and ground [33]:

∆vDQpcc = RH(∆iDQ2 −∆iDQg ), (56)

where RH is the aforementioned virtual resistor. If the value
of the virtual resistor is sufficiently large, it would have a min-
imum impact on the model dynamic and stability properties.

By substituting (56) in (50) and (54), the grid and the VSM
models can be connected, yielding

d

dt

[
∆xDQsyn
∆iDQg

]
= AN

[
∆xDQsyn
∆iDQg

]
+B∗N




∆PQ∗

∆ω∗s
|∆v∗pcc|


+BdN∆vDQg ,

(57)

∆iDQ2 =
[
Csyn 0

]
︸ ︷︷ ︸

CN

[
∆xDQsyn
∆iDQg

]
, (58)
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Fig. 4. Closed-loop dominant eigenvalue trajectories when (a) the grid
inductance varies (Lg) and (b) the grid resistance varies (Rg).

where

AN =

[
Asyn +BpccsynRHCsyn −Bpccg RH

Bpccg RHCsyn Ag −Bpccg RH

]
, (59)

B∗N =

[
BPQsyn Bωsyn B

|v|
syn

0 0 0

]
, BdN =

[
0
Bgg

]
. (60)

The state matrices (59) and (60) represent the system dynamics
and they are used in the following sections to analyse the
dynamic properties of VSMs.

IV. STABILITY ANALYSIS

In this section, a robustness analysis of a VSM against the
variations of the grid impedance is presented. Also, the impact
of the VSM and virtual impedance parameters on the stability
of the VSM under weak grid conditions is evaluated.

A. System Description

The nominal voltage was 400 V, the nominal frequency
50 Hz and the converter rated power 15 kVA. The LCL
filter values were L1 = 2.3 mH, Cf = 8.8 µF,
and L2 = 0.93 mH. The set points were P ∗ = 0 kW,
Q∗ = 10 kVAr, ω∗s = 2π50 rad/s, and |v∗pcc| = 400 V.

B. Nominal Case

VSM robustness against grid inductance (Lg) and resistance
(Rg) variations has been studied for zero virtual impedance
(RV = 0 pu and LV = 0 pu).

Fig. 4 (a) shows the trajectories followed by the dominant
eigenvalues when Lg varied between 0.1 mH (0.003 pu)
and 22.5 mH (0.66 pu). Rg was 1 mΩ (0.01 pu). When
Lg increased, the complex eigenvalues moved in parallel
to the imaginary axis until they reached the real axis and
became real. Meanwhile, the remaining real eigenvalue moved
towards the imaginary axis. Fig. 4 (b) shows the eigenvalues
trajectories when Rg varied between 1 mΩ (0.01 pu) and
7 Ω (0.66 pu). Lg was 0.1 mH. When Rg increased, the
complex eigenvalues moved towards the origin and their
natural frequency decreased, approaching the unstable region.
These complex eigenvalues reached the real axis and they
become real at a point close to the origin. Meanwhile, one of
the real eigenvalues moved towards the imaginary axis. It can
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be seen that the system damping is reduced when Lg and Rg
increase. However, this analysis does not provide information
on an input (or combination of inputs) that can excite the
aforementioned critical modes and produce resonant effects.
This issue can be solved by using the SVD analysis.

Fig. 5 shows the frequency response of the maximum SV
and how it is related to different inputs of the system. It can
be seen that the maximum SV is mainly related to the grid
frequency ∆ωs in the low frequency range. This suggests that
the grid frequency disturbances (low frequency oscillations
of ∆ωg) have a significant impact on the system stability.
Fig. 6 (a) shows the frequency response of the maximum
SV obtained when Lg increased. The shape of the frequency
response changed and, for small values of Lg , the system had
two resonances: the synchronous resonance (50 Hz, approx.),
and the LCL filter resonance (2 kHz). When Lg increased, the
gain around the synchronous resonance was attenuated as well
as the LCL filter resonance gain that also had its frequency
(1 kHz) reduced. Fig. 6 (b) shows the frequency response
of the maximum SV obtained when Rg increased. The low
frequency range (between 1 Hz and 100 Hz), including the
synchronous resonance, was attenuated while the very low
frequency range (< 1 Hz) gain increased 10 dB.
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C. Analysis of VSM Parameters

The impact of the VSM parameters on the damping and
natural frequency of the dominant eigenvalues was evaluated.
Commonly, active- and reactive-power droops (DP and DQ)
are determined by the application requirements in order to
meet the required steady-state frequency and voltage droop
characteristics and, once set, cannot be changed [16, 21, 37,
38]. Therefore, the parameters analysed were the virtual mo-
ment of inertia (Jv) and the reactive-power controller gain
(KQ).

Fig. 7 (a) shows the trajectories followed by the dominant
eigenvalues when Jv varied between 0.02 and 2 and the grid
was mainly inductive (Lg = 6.5 mH (0.2 pu) and Rg = 1 mΩ
(0.01 pu)). When Jv increased, the two real eigenvalues moved
in parallel to the real axis until they became complex. Then,
they moved towards the origin and their damping and natural
frequency were reduced. Also, there was a dominant real
eigenvalue that remained in the same position since it was
mainly related to KQ. Fig. 7 (b) shows the trajectory of the
dominant eigenvalues when Jv varied and the grid impedance
was mainly resistive (Lg = 0.1 mH and Rg = 2Ω). When Jv
increased, two complex eigenvalues moved rapidly towards
the origin, reducing their frequency and maintaining a similar
damping factor.

Fig. 8 (a) shows the trajectories followed by the dominant
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Fig. 9. Trajectories followed by the closed-loop eigenvalues when (a) LV
increases and the grid connection is mainly inductive and (b) RV increases
and the grid connection is mainly resistive.

eigenvalues when KQ changes between 0.1 × 10−3 and
3× 10−3. When KQ increases, the aforementioned dominant
real eigenvalue increases its frequency and moves away from
the origin. The remaining complex eigenvalues are almost not
affected by the variation in KQ since they are related to Jv .
Fig. 8 (b) shows the trajectory of the dominant eigenvalues
when KQ varies and the grid impedance is mainly resis-
tive. When KQ increases, the dominant complex eigenvalues
increase their frequency and move away from the unstable
region. Also, the real eigenvalue increases its frequency and
move away from the unstable region.

For inductive grids, the dominant eigenvalues are mainly
linked with Jv and are not affected by variations of KQ.
However, in the case of mainly resistive grid connections, both
KQ and Jv variations make affect the dominant eigenvalues.

D. Impact of Virtual Impedance

The impact of the virtual impedance (RV and LV ) on the
dominant eigenvalues was also evaluated. In this analysis the
VSM was connected to a weak grid and these two cases were
considered: mainly inductive weak grid (Lg = 6.5 mH and
Rg = 1 mΩ) and mainly resistive weak grid (Lg = 0.1 mH
and Rg = 2 Ω).

Fig. 9 (a) shows the trajectories followed by the closed-loop
eigenvalues when LV changed from −4 mH and 4 mH and
the grid connection was mainly inductive. When LV increased,
the dominant eigenvalues moved in parallel to the imaginary
axis towards the unstable region, decreasing their frequency
and increasing their damping factor. For LV ≤ 0 mH, the
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Fig. 10. Frequency response of the maximum SV when (a) grid connection
was mainly inductive and the virtual inductance varies (LV ) and (b) the grid
connection was mainly resistive and virtual resistance varies (RV ).

dominant eigenvalues increased their frequency and decreased
their damping factor, mitigating the impact of Lg . However,
two medium-frequency eigenvalues reduced their frequency
and moved towards the unstable region.

Fig. 9 (b) shows the eigenvalue trajectories obtained when
RV changed from −2 Ω and 2 Ω and the grid connection
was mainly resistive. When RV increased, the dominant eigen-
values moved towards the origin, decreasing their frequency
and increasing their damping factor. For RV ≤ 0 Ω, the
dominant eigenvalues increased their frequency and decreased
their damping factor, mitigating the impact of Rg . However,
four medium-frequency eigenvalues moved towards the un-
stable region. Therefore, large negative values of RV can
compromise the system stability.

Both virtual impedance (RV and LV ) and grid impedance
had a similar impact on the dominant eigenvalues. This result
is consistent with the analysis presented in Section IV-B. The
use of a negative virtual impedance can mitigate the impact
of the grid impedance, especially under weak grid conditions.

V. VSM AND VIRTUAL IMPEDANCE DESIGN GUIDE

The VSM parameters to be designed are Jv and KQ, while
the virtual impedance parameters are LV and RV . The VSM
specifications are damping factor ζ and natural frequency ωn
of the dominant eigenvalues.

The design guidelines for the VSM and the virtual
impedance parameters include the following procedure:
1) Fix the droop coefficients (DP and DQ) according to

the application requirements in order to have the required
steady-state frequency and voltage droop characteristics
[16, 21, 37, 38].

2) Estimate an approximate equivalent impedance of the
power system model (Zg) and develop the small-signal
state-space model presented in (57).

3) If possible, design Jv and KQ to fulfil the specifications. If
this condition is met, the virtual impedance is not required
(RV = 0 Ω and LV = 0 mH).

4) If the specifications cannot be met the virtual impedance
can be used. For inductive weak grids, use a virtual
inductance to increase (LV > 0) or reduce (LV < 0) the
effect of the grid impedance. The same procedure can be
used for resistive weak grids, but using RV . One should
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note that large negative virtual impedance values should be
avoided.

5) Redesign Jv and KQ and try to achieve the specifications
with the virtual impedance.

6) If the specifications cannot be reached by using the virtual
impedance, the specifications should be modified (ζ and
ωn). However, for further research purposes, it would be of
interest to seek alternative virtual impedance configurations
for these cases.

VI. CASE STUDY

The proposed design method was tested by using the
following three scenarios:

1) Case 1: Mainly inductive grid connection (Lg = 5.2 mH
and Rg = 1 mΩ).

2) Case 2: Mainly resistive grid connection (Lg = 0.1 mH
and Rg = 4 Ω).

3) Case 3: Very weak grid connection (Lg = 22.5 mH and
Rg = 100 mΩ).

A. Control System Design
The specifications were ζ =

√
2/2 and ωn = 35 rad/s.

The active- and reactive-power droop gains were DP = 10
and DQ = 50. The VSM parameters were designed according
to the procedure described in Section V for inductive and
resistive weak grids.

First, the possibility of achieving the specifications exclud-
ing the virtual impedance was tried. The closed-loop eigenval-
ues of (57) were calculated for different values of Jv and KQ

(see Fig. 7 and Fig. 8). The natural frequency and the damping
factor of the dominant eigenvalues were plotted in terms of
the VSM parameters: ζ = f(Jv,KQ) and ωn = f(Jv,KQ).
In weak grid scenarios, the original specifications could not be
met by adjusting the VSM parameters (as it could be predicted
from the analysis presented in Section IV-C).

1) Case 1 - Mainly Inductive Grid: The dominant eigen-
values were mainly related to Jv , and the specifications (ζ
and ωn) could not be achieved by tuning only one parameter.
Therefore, a virtual impedance was required. The virtual
inductance value was set to LV = −1.1 mH and the design
process was repeated. The VSM parameters obtained were
Jv = 0.2 and KQ = 1× 10−3.

2) Case 2 - Mainly Resistive Grid: The same process was
applied. The frequency response specifications could not be
achieved by tuning the VSM parameters only and the virtual
impedance was also required. In this case, the virtual resistance
was set to RV = −2 Ω. The VSM parameters that satisfied
the specifications were Jv = 0.06 and KQ = 2× 10−3.

3) Case 3 - Very weak Grid: The same process was applied.
The high inductance value reduced considerable the frequency
of the dominant eigenvalues (see Fig. 4 (a)) and the frequency
response specifications could not be achieved by tuning the
VSM parameters. In this case, a negative virtual inductance
was used in order to mitigate the impact of the grid inductance
and to increase the frequency of the dominant eigenvalues.
The virtual inductance was set to LV = −18 mH and the
design process was repeated. The VSM parameters were set
to Jv = 0.02 and KQ = 0.5× 10−3.
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is applied.
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B. Small-Signal Model Validation

The accuracy of the developed small-signal model in (57)
was validated by comparing the transient responses of lin-
earised and non-linear models for different grid conditions
and different VSM parameters. The non-linear model with
all non-linear effects was developed in Simulink by using
SimPowerSystems Toolbox. The VSCs were modelled as ideal
voltage sources in order to avoid the issues related with
switching noise and harmonics.

Fig. 11 (a) shows the transient responses of the small-
signal model and the non-linear model to a step change of
active power reference ∆P ∗ from 0 kW to 2 kW when Case
2 was considered. The low-frequency dynamics were well
represented by the small-signal model. Fig. 11 (b) shows the
transient responses of the small-signal model and the non-
linear model to a step change of grid voltage magnitude ∆vDQg
from 1 to 0.8 pu when Case 3 was considered. It can be seen
the model represented accurately the dynamics of the model.
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Fig. 13. Photograph of the SEIL facilities: (a) AC-busbars, (b) embedded
PCs, (c) power converter + rectifier, (d) configurable network impedances

VII. EXPERIMENTAL VALIDATION

A. Prototype Description

The VSM small-signal model and the conclusions obtained
from the eigenvalue analysis were experimentally validated
in the Smart Energy Integration Lab (SEIL) [39, 40]. The
sampling and switching frequencies were set to 10 kHz and
Pulse Width Modulation with thrid harmonic injection was
used. The controller was implemented on an embedded PC.

Fig. 12 shows the hardware diagram of the SEIL facilities.
The VSC1 was connected to AC busbar 5. Busbar 1 was
connected to the grid while Busbars 2, 3, and 4 were used
to introduce the network impedances. Moreover, a rectifier
was used to maintain the DC voltage constant. Fig. 13 shows
detailed photographs of the main hardware components used
in the experimental validation.

B. Small-Signal Model Validation

The VSM and virtual impedance parameters designed in
Section VI-A for inductive and resistive grids (Case 1 and
Case 2) were validated experimentally. Fig. 14 (a) and (b)
show the transient responses of the small-signal model and the
prototype to a step change of the active power set point, from
0 kW to 3 kW (∆P ∗ = 3 kW). Fig. 14 (a) shows the responses
for the inductive grid, while Fig. 14 (b) shows the responses
for the resistive grid. In both cases, Q∗ = 10 kVAr. The VSM
dynamics are well represented by the proposed model and the
frequency response specifications set at the design step were
achieved. The current contained some harmonic distortion and
high-frequency ripple because of the modulation process that
cannot be predicted by the small-signal model. There are
several methods to deal with power quality issues in VSMs
and to reduce the harmonic distortion [32]. However, these
methods modify the dynamic properties of the VSM and may
influence the stability analysis. For that reason, no harmonic
control has been applied in this paper.
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Fig. 16. Experimental results: Transient response of the prototype when the grid was mainly inductive and a step change of P ∗ was applied.

C. VSM and Negative Virtual Impedance Validation

Fig. 15 shows the transient response when the grid was
mainly inductive (Case 1 - Lg = 5.2.1 mH and Rg = 1 mΩ)
and a step change of P ∗ from 0 kVAr to 5 kVAr was applied.
The reactive power set point and the virtual resistance were
set to Q∗ = 5 kVAr and RV = 0 Ω. Three different virtual
inductance values were used. Fig. 15 (a) shows the transient
response with a virtual LV = 0 mH, which can be considered
as the natural response of the VSM. Fig. 15 (b) and (c) show
the transient responses with LV = −3 mH and LV = −5 mH,
respectively. It can be seen that the added negative virtual
impedance increased the frequency and reduced the damping
factor of the dominant eigenvalues, obtaining a faster and less
damped transient response. This result is consistent with the
analysis presented in Section IV-D.

Fig. 16 (a), (b) and (c) show a comparison of the VSM
performance when the grid was mainly inductive (Case 1) and
the virtual moment of inertia (Jv) was set to Jv = 0.2, Jv =
0.05 and Jv = 0.01, respectively. The remaining VSM and
virtual impedance parameters were set to KQ = 0.001, LV =
0 H and RV = 0 Ω. It can be seen that reducing the virtual
moment of inertia leads to the damping factor increase and the
reduction of the frequency of the dominant eigenvalues. This
result is consistent with the analysis presented in Section IV-C.

Fig. 16 (d), (e) and (f) show a comparison of the VSM
performance when the grid was mainly inductive (Case 1)
and the virtual inductance (LV ) was set to LV = −2 mH,
LV = −4 mH and LV = −6 mH, respectively. The remaining
VSM and virtual impedance parameters were set to Jv = 0.2,
KQ = 0.001 and RV = 0 Ω. It can be seen that decreasing the
virtual inductance (negative values) reduces the damping factor

and increases the frequency of the dominant eigenvalues,
mitigating the impact of the grid impedance. Therefore, by
using a negative virtual inductance it is possible to obtain a
faster (and less damped) transient transient response compared
to the use of the VSM parameters only. This result is consistent
with the analysis presented in Section IV-D.

VIII. DISCUSSION

An accurate small-signal modelling and control design pro-
cedure for VSM-based VSC with virtual impedance has been
presented in this paper. The VSM was modelled in detail and
the impacts of the grid impedance, the VSM parameters and
the virtual impedance on the system stability were evaluated.
The VSM stability limits have been analytically sought and
the possible benefits of using the virtual impedance under
(extremely) weak grid conditions have been identified. The
principal results are summarized in the following text:

1) The impact of the grid impedance (inductance and re-
sistance) on the small-signal model has been evaluated.
The analysis presented in Section IV-B revealed that
the VSM is robust against large variations of the grid
inductance values. However, weak resistive grids have a
more negative impact and the dominant eigenvalues tend
to move faster towards the unstable region. Moreover,
the influence of the VSM parameters on the dominant
eigenvalues has been analysed for different grid condi-
tions. It has been shown that, depending on the network
conditions, the use of Jv and KQ only may be insufficient
to achieve the desired frequency response specifications.

2) Compared to other control strategies proposed in the lit-
erature to facilitate the integration of RES to distribution
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networks, the VSM has become an attractive solution
since the power systems are designed operate with con-
ventional synchronous generators. Typically, conventional
control schemes for microgrid operation use local current
and/or voltage controllers and droop-based primary con-
trollers [8–10]. However, conventional control approaches
have certain limitations and, especially in the case of
large values of grid impedances, cannot ensure the system
stability and control performance.

IX. CONCLUSION

VSMs have become commonly used to integrate RESs to
weak grids as they can provide virtual inertia and voltage
support. However, weak grid conditions deteriorate VSM dy-
namic response. In this paper, a detailed modelling and design
procedure for VSMs with virtual impedances was proposed.
The system was modelled in detail and then linearised. The
eigenvalue analysis revealed that VSMs can withstand large
grid inductance variations, but resistive grids can jeopardize
closed-loop stability. Also, the SVD analysis revealed that the
synchronous resonance is attenuated in weak grid scenarios
(both inductive and resistive). Theoretical analyses revealed
that virtual impedance can help improve the transient response.
Moreover, it has been shown that virtual inductance and resis-
tance can take negative values that helps with cancelling the
weak grid effects. The small-signal analysis was an effective
tool for predicting the low-frequency dynamics of a VSM, as
shown in the experimental validation. All the control system
developments were validated on a 15 kVA prototype of a VSM
connected to a configurable weak grid.
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Abstract—Railway systems are one of the most energy-efficient
ways of land transportation. In order to reduce their dependence
on fossil fuels they are being massively electrified introducing
new technical challenges. Multi-terminal Medium-Voltage-DC
(MVDC) networks represent an attractive solution for this task
as the DC-networks can be readily used to interconnect different
railway systems regardless of their power supply needs (DC-
or AC-feeding). This paper presents the modelling, analysis, and
control design of a multi-terminal MVDC network with a battery
system for railway applications. The system components were
modelled in detail, including the DC-capacitors and the power
converters with their filters and control algorithms. Then, the
eigenvalue analysis was used to evaluate the impact of different
control parameters on the control system damping. Finally, the
control parameters were adjusted in order to improve the system
stability. The developed model and the conclusions obtained from
the eigenvalue analysis were experimentally validated by using
four power converters and a battery system forming a scaled
multi-terminal DC network.

I. INTRODUCTION

In recent years, the importance of railway transportation
systems has increased considerably and this trend is expected
to continue in the future. Railway systems can be classified de-
pending on their power supply requirements [1]: DC-feeding,
low-frequency AC feeding and public-grid frequency AC
feeding. Substations feeding the railway lines use transformers
(public grid feeding) or power electronics converters (DC-
feeding and low-frequency AC feeding) [2]. Multi-terminal
Medium-Voltage DC (MVDC) systems have drawn attention
in this application because of their capacity to interconnect
subsystems of different voltage levels and different frequen-
cies. MVDC networks are highly efficient and are used to
improve the flexibility and controllability of railway power
supply systems [3]. Moreover, they facilitate the integration of
local renewable energy sources and/or energy storage systems.

However, it has been recognized that the interaction between
power electronics converters can lead to undesired effects [4].
The problem of controller interactions in multi-terminal DC-
grids has been studied for different applications and some
specific solutions have been proposed. Prieto-Araujo et al. [5]
studied the stability of multi-terminal DC grids in offshore
wind-farm applications and they proposed a methodology to
design a proportional droop controller based on the stability
analysis. Du et al. [6] analysed the interactions between multi-
terminal DC and AC networks systems. For this analysis, they
developed a small-signal model of the power system, including
AC and DC dynamics. In this analysis, they reported that,

under certain conditions, the interaction between the AC and
DC networks may become strong and multi-terminal MVDC
systems need to be carefully examined in order to avoid an
undesired effects. Kalcon et al. [7] presented a small-signal
state-space model for the stability analysis of multi-terminal
DC networks. They applied the proposed modelling approach
to model a four terminal DC network that connects offshore
wind generation and a synchronous generator. The impact of
the Voltage Source Converters (VSCs) control parameters on
the network stability and the dynamic performance of the
entire system was evaluated by using the system eigenvalues.
The limits to the VSC control gains were established and it
was possible to design improved controllers. Chen et al. [8]
proposed the use of multi-terminal DC systems instead of the
conventional Normally Open Points (NOPs) in distribution
networks. A DC stabilizer was proposed to damp potential
power oscillations caused by constant power loads. A small-
signal state-space model was developed to analyse the impact
of the proposed DC stabilizer and the design its control param-
eters. Wu et al. [9] proposed a virtual inertia control strategy
for DC microgrids that mimics the dynamic performance of
Virtual Synchronous Machines in AC grids. A small-signal
model of the grid-connected VSC with the DC virtual inertia
control system is obtained to analyse the stability of DC
microgrid and select the control parameters. By using the
proposed DC control strategy, the DC voltage becomes smooth
and the voltage quality increases.

This paper presents a detailed small-signal modelling ap-
proach for power electronics converters in multi-terminal
MVDC networks with energy storage systems. This model
includes the dynamic properties of the filter and the control
system of each power converter, and all the interactions
between AC and DC networks. Also, a control system design
procedure based on the eigenvalues analysis is proposed. The
impact of the droop gains on the stability and robustness of
the railway system is studied. The accuracy of the small-signal
model was validated by using a dedicated MVDC test network
composed of four converters and a battery system forming a
MVDC network. Also, the theoretical conclusions obtained
from the eigenvalue analysis were validated experimentally.

II. SYSTEM DESCRIPTION AND APPLICATION OVERVIEW

A. Power System Description

Fig. 1 shows the electrical and control system diagram
of the railway substation studied in this paper. The system
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Fig. 1. Electrical and control diagram of a railway substation composed of four VSCs connected via a DC-busbar. VSC1 and VSC3 are connected to the grid
and the battery system via LCL filters, respectively, and they operate as current controlled-sources. VSC2 and VSC4 are connected to the railway system
and the auxiliary network via LC filters, respective, and they operate as voltage-controlled sources.

consists of four VSCs connected to the grid, an energy storage
system, and two islanded AC networks (railway and axuliriary
networks). All the VSCs are connected together via a DC-
busbar, forming an MVDC system. VSC1 and VSC3 operate
as current-controlled sources, while VSC2 and VSC4 operate
as voltage-controlled sources. The VSC1 is connected to the
AC grid via a LCL filter and it controls the power delivered
to it. The VSC2 is connected to the railway system via a LC
filter and it energizes it by controlling the voltage module and
frequency. The VSC3 is connected to the battery via a LCL
filter and it controls the power exchanged between the battery
system and the DC network. The VSC4 is connected to the
auxiliary network via a LC filter and it is controlled in grid-
forming model, energizing it.

B. VSCs Control System Overview

Fig. 1 shows the detailed control diagram of each VSC.
The control system of VSC1 consists of a single-loop current
controller, where the grid-side current (io1) is the feedback
variable. The controller is implemented in a Synchronous
Reference Frame (SRF) synchronized with the d-axis com-
ponent of the grid voltage (vpcc1). The control system of
VSC3 consists of a single-loop current controller using the
battery-side current (io3). The current references of VSC1 and
VSC3 are generated by two independent DC-voltage (vdc)
controllers. Both VSCs include droop controllers (Kd1 and
Kd3) in order to share the control of the DC voltage [5].
The control systems of VSC2 and VSC4 include a voltage
controller for the filter capacitor voltages (vcf2 and vcf4), and
an active damping mechanism based on the filter capacitor cur-
rent feedback (icf2 and icf4) to damp the LC filter resonance
[10, 11]. The controllers of both VSCs were implemented in

an internally-generated SRF (θ2 and θ4). PI controllers were
used to control the currents and voltages of all VSCs:

CI(s) = KI
P + KI

I /s, (1)

CV (s) = KV
P + KV

I /s, (2)

Cdc(s) = Kdc
P + Kdc

I /s, (3)

where KI
P , KV

P and Kdc
P , and KI

I , KV
I and Kdc

I are the
proportional and integral gains of the current, voltage, and
DC voltage controllers, respectively.

III. SMALL-SIGNAL MODELLING OF VSCS

A. Grid-Connected VSC
The small-signal state-space model of the LCL filter of the

VSC1 in dq-frame can be written as [12]:
d

dt
Δxdq

f1 = Af1Δxdq
f1 +BS

f1Δvdqs1 +BV
f1Δvdqpcc1 +Bω

f Δωs1, (4)

where the symbol “Δ” stands for the incremental operator,
xdq
f1 = [idqI1 vdqcf1 idqo1]

T where “T” means transponsed, vcf1 is
the capacitor voltage, iI1 is the converter-side current, vs1 is
the converter output voltage, and ωs1 is the grid frequency.
The state-matrices Af1, BS

f1, BV
f1 and Bω

f1 can be found in
[12].

A possible state-space representation of a PI current con-
troller like (1) (one for each axis) is:

d

dt
Δϕdq

1 = AI
C1Δϕdq

1 +BI
C1(Δidq∗o1 −Δidqo1), (5)

Δvdqs1 = CI
C1Δϕdq

1 +DI
C1(Δidq∗o1 −Δidqo1), (6)

where Δϕ1 is an auxiliary state variable for the integral action,
Δidq∗o1 is the reference current reference, AI

C = 02×2, BI
C =

KI
I I2×2, CI

C = I2×2, and DI
C = KI

P I2×2.
The reference current is generated with the non-linear

instantaneous active and reactive power equations [13]. These
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equations can be linearised around an operating point, yield-
ing

Δidq∗o1 = MV 1ΔPQ∗
1 −MV I1Δvdqpcc, (7)

with

MV 1 =

[
V d
pcc1 V q

pcc1

V q
pcc1 −V d

pcc1

]−1

, MV I1 = MV 1

[
Ido1 Iqo1
−Iqo1 Ido1

]
, (8)

where ΔPQ∗
1 = [Δp∗1 Δq∗1 ]

T , Idqo1 and V dq
pcc1 are the grid-side

current and PCC voltage operating points, respectively. The
upper-case symbols stand for “operating point”.

A possible representation of a DC-voltage controller like
(3) with droop control is:

d

dt
Δγ1 = Adc

C Δγ1 +Bdc
C (Δv∗2dc −Δv2dc −Kd1(p

sp
1 − p1)), (9)

Δp∗1 = Cdc
C Δγ1 +Ddc

C (Δv∗2dc −Δv2dc −Kd1(p
sp
1 − p1)), (10)

where Adc
C = 0, Bdc

C = Kdc
I , Cdc

C = 1 and Ddc
C = Kdc

P ,
kd1 is the droop gain, Δγ is an auxiliary state variable for the
integral action, psp1 is the active power set point of the VSC1
and p1 is the instantaneous active power delivered to the grid.

A SRF-PLL has been considered in this paper [12]. A
possible small-signal state-space model of the PLL is:

d

dt

[
Δx
Δθpll

]
= Apll

[
Δx
Δθpll

]

︸ ︷︷ ︸
Δxpll

+Bpcc
pll ΔvDQ

pcc +

[
0
−1

]

︸ ︷︷ ︸
Bω

pll

Δωs, (11)

[
Δθpll
Δωpll

]
=

[
Cθ

pll

Cω
pll

]

︸ ︷︷ ︸
Cpll

[
Δx
Δθpll

]
+

[
Dθ

pll

Dω
pll

]

︸ ︷︷ ︸
Dpcc

pll

ΔvDQ
pcc +

[
0
−1

]
Δωs, (12)

where x is an auxiliary variable. The state-space matrices Apll,
Bpcc

pll , Bω
pll, Cpll, and Dpcc

pll can be found in [12].
The small-signal models of the current controller, the DC-

voltage controller, and the PLL can be merged, yielding

d

dt
Δx1 = A1Δx1 +Bpcc

1 ΔvDQ
pcc1 +BP

1 Δpsp1 +BQ
1 Δqsp1

+BV ∗
1 Δv∗2dc +BV

1 Δv2dc +BI
1Δidqo1 +Bω

1 Δws, (13)

Δvdqs1 = C1Δx1 +Dpcc
1 ΔvDQ

pcc1 +DP
1 Δpsp1 +DQ

1 Δqsp1

+DV ∗
1 Δv∗2dc +DV

1 Δv2dc +DI
1Δidqo1 +Dω

1 Δws, (14)

where x1 = [ϕdq
1 , γ1, xpll]

T ,

B. Battery-System VSC

A possible small-signal state-space representation of the
single-phase LCL filter is:

d

dt

⎡
⎣
ΔiI3
Δvcf3
Δio3

⎤
⎦

︸ ︷︷ ︸
Δxf3

=

⎡
⎣
−RI3/LI3 −1/LI3 0
−1/Cf3 0 1/Cf3

0 1/Lo3 −Ro3/Lo3

⎤
⎦

︸ ︷︷ ︸
Af3

Δxf3

+

⎡
⎣
1/LI3

0
0

⎤
⎦

︸ ︷︷ ︸
BS

f3

Δvs3 +

⎡
⎣

0
0

−1/Lo3

⎤
⎦

︸ ︷︷ ︸
Bbat

f3

Δvbat3, (15)

where iI3 is the converter-side current, vcf3 is the filter
capacitor voltage, vbat3 is the battery voltage, and vs3 is the
converter output voltage.

A PI current controller like (1) can be represented as a state-
space model as:

d

dt
Δϕ3 = AC3Δϕ3 +BC3(Δi∗o3 −Δio3), (16)

Δvs3 = CC3Δϕ3 +DC3(Δi∗o3 −Δio3), (17)

where Δϕ3 is an auxiliary state variable, Δi∗o3 is the reference
current reference, AC = 0, BC = KI

I , CC = 1 and
DC = KI

P .
The DC-voltage controller of the VSC3 can be represented

by using (9) and (10) and replacing psp1 by psp3 , p1 by p3 and
Kd1 by Kd3.

The reference current is generated with the active power
equation p∗3 = vbat · i∗3, which can be linearised around an
operating point, yielding

Δi∗o3 =
1

Vbat
Δp∗3 − Io3

Vbat
Δvbat3, (18)

where Vbat3 and Io3 are the battery voltage and current
operating points, respectively.

The small-signal model of the current controller, and the
DC-voltage controller can be merged, yielding

d

dt
Δx3 = A3Δx2 + Bbat

3 Δvbat3 + BP
3 Δpsp3 + BV ∗

3 Δv∗2
dc

+ BV
3 Δv2

dc + BI
3Δio3, (19)

Δvs3 = C3Δx2 + Dbat
3 Δvbat3 + DP

3 Δpsp3 + DV ∗
3 Δv∗2

dc

+ DV
3 Δv2

dc + DI
3Δio3, (20)

C. Railway- and Auxiliary Network-Connected VSCs

A possible state-space representation of a LC filter of in
dq-frame is [14]:

d

dt

⎡
⎢⎢⎣

ΔidI2
ΔiqI2
Δvdcf2
Δvqcf2

⎤
⎥⎥⎦

︸ ︷︷ ︸
Δx

dq
f2

=

⎡
⎢⎢⎢⎣

−RI2
LI2

ωs2
−1
LI2

0

−ωs2 −RI2
LI2

0 −1
LI2

1
Ccf2

0 0 ωs2

0 1
Ccf2

−ωs2 0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Af2

Δxdq
f2 (21)

+

⎡
⎢⎢⎣

1
LI2

0

0 1
LI2

0 0
0 0

⎤
⎥⎥⎦

︸ ︷︷ ︸
BS

f2

Δvdqs2 +

⎡
⎢⎢⎣

0 0
0 0
−1

Ccf2
0

0 −1
Ccf2

⎤
⎥⎥⎦

︸ ︷︷ ︸
Bl

f2

Δidql2 +

⎡
⎢⎣
IqI2
IqI2
V q
cf2

vdcf2

⎤
⎥⎦

︸ ︷︷ ︸
Bω

f2

Δωs2.

where idql2 is the current consumed by the load, and ωs2 is the
frequency of the railway system.

A PI controller like (2) was used for the voltage controller
of VSC2, which can be represented as a state-space model as:

d

dt
Δψdq

2 = AC2Δψdq
2 +BC2(Δvdq∗cf −Δvdqcf2), (22)

Δvdqs2 = CC2Δψ2 +DC2(Δvdq∗cf2 −Δvdqcf2), (23)
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A lead-lag network was used to achieve active damping of
the LC filter resonance [10, 11]:

Cad(s) = Kad
1 +Ds

1 + fmDs
, (24)

where Kad is the proportional gain, D is the differential gain,
and fm is the filter gain. A possible state-space representation
of a lead-lag network like (24) (one for each axis) is:

d

dt
Δγdq

2 = AadΔγdq
2 + BadΔidqcf2, (25)

vdq
s2 = CadΔγdq

2 + DadΔidqcf2, (26)

with

Aad =
1

fmD
I2×2, Bad = I2×2, (27)

Cad =
Kad

fmD
(1− 1

fm
)I2×2, Dad =

Kad

fm
I2×2, (28)

where I is an identity matrix of the appropriate size and γdq
2

is an auxiliary variable.
The voltage controller and the active damping strategy can

be merged in a single state-space representation, yielding

d

dt
Δx2 = A2Δx2 +BV

2 Δvdqcf2 +BV ∗
2 Δvdq∗cf2 +BI

2Δidqcf2, (29)

vdqs2 = C2Δx2 +DV
2 Δvdqcf2 +DV ∗

2 Δvdq∗cf2 +DI
2Δidqcf2. (30)

The VSC4 control system can be modelled by using the same
modelling procedure and replacing x2 by x4, vdqcf2 by vdqcf4,
vdq∗cf2 by vdq∗cf4 , and idqcf2 by idqcf4.

D. DC-capacitor modelling

If the VSCs are located in the same place, the DC cables
used to connect them to the DC-busbar are small and their
inductances and resistances can be neglected. Therefore,

Cdc = Cdc1 + Cdc2 + Cdc3 + Cdc4, (31)

where Cdc is the equivalent DC capacitor of the DC-grid.
The equation that models the energy stored in the equivalent

DC capacitor can be written as:

Cdc

2

d

dt
v2dc = −(pdc1 + pdc2 + pdc3 + pdc4), (32)

where pdc1, pdc2, pdc3, and pdc4 are the instantaneous active
powers taken from the equivalent DC capacitor by VSC1,
VSC2, VSC3 and VSC4, respectively. Typically, conduction
losses of VSCs are taken into account in the parameter RI . In
this case, the DC- and AC-side powers are almost the same,
so pdc ≈ ps. Therefore, the AC-side powers can be written in
terms of dq currents and voltages as [13]:

ps1 = vds1i
d
I1 + vqs1i

q
s1, ps2 = vds2i

d
I2 + vqs2i

q
s2, (33)

ps3 = vsiI3, ps4 = vds4i
d
I4 + vqs4i

q
s4. (34)

These power expressions can be linearised, yielding

Δps1 = V dq
s1 ΔidqI1 + Idqs1Δvdqs1 , Δps2 = V dq

s2 ΔidqI2 + Idqs2Δvdqs2 ,
(35)

Δps3 = Vs3ΔiI3 + II3Δvs3, Δps4 = V dq
s4 ΔidqI4 + Idqs4Δvdqs4 .

(36)
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Fig. 2. Transient response of the small-signal model and the Simulink model
for (a) a step change of Δpsp1 = +0.2 pu and (b) a step change of Δpsp3 =
+0.2 pu.

By linearising (32), and merging the result with (35) and
(36), the linearised DC-capacitor equation is obtained:

Cdc

2

d

dt
Δv2dc = −(V dq

s1 ΔidqI1 + Idqs1Δvdq
s1 + V dq

s2 ΔidqI2 (37)

+ Idqs2Δvdq
s2 + Vs3ΔiI3 + II3Δvs3 + V dq

s4 ΔidqI4 + Idqs4Δvdq
s4 ).

E. Aggregated Model of the Multi-terminal DC system

The filter models of all the VSCs and the linearised DC-
capacitor model can be merged in a single state-space model,
yielding

d

dt
ΔxM = AMΔxM + BS

MΔvs + Bd
MΔd + Bω

MΔωg, (38)

xM = [xf1, xf2, xf3, xf4, v
2
dc]

T , d = [vdq
pcc1, vbat, i

dq
l2 , idql4 ]T ,

and vs = [vdq
s1 , vdqs2 , vs3, v

dq
s4 ]T .

By merging (38), (13), (19) and (29), and substituting (14),
(20) and (30) in (38), the aggregated small-signal model of
multi-terminal DC grid is obtained:

d

dt
ΔxDC = ADCΔxDC + BDCΔr∗ + Bd

DCΔd, (39)

xDC = [xM , x1, x2, x3, x4]
T , d = [vdq

pcc1, vbat, i
dq
l2 , idql4 ]T , and

r∗ = [psp1 , psp3 , v∗2dc , v
dq∗
cf2, v

dq∗
cf4]

T .

IV. CASE STUDY AND PROTOTYPE DESCRIPTION

The multi-terminal DC-system model and the control sys-
tem were experimentally validated in the Smart Energy Inte-
gration Lab (SEIL) [15]. The nominal line-line voltage was
400 V and the nominal frequency was 50 Hz. The VSC1 and
VSC3 had the same rated power (75 kVA) and the same LCL
filters (LI = 500 μH, Cf = 100 μF, and Lo = 250 μH). Con-
verters VSC2 and VSC4 had the same rated power (15 kVA)
and the same LCL filters (LI = 2.3 mH, Cf = 8.8 μF,
and Lo = 0.93 mH). The equivalent DC capacitor value was
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Fig. 3. Trajectories of the system eigenvalues when (a) Kd1 varies between
0.01 and 1 and (b) Kd1 varies between 0.01 and 1.

Cdc = 12 mF and the nominal DC voltage was 680 V. The
control systems were implemented in two embedded PC that
generated the control signals of the four VSCs (one embedded
PC for VSC1 and VSC3, and another one for VSC2 and
VSC4). The sampling and switching frequencies were 8 kHZ
for VSC1 and VSC3, and 10 kHz for VSC2 and VSC4.

For the test, psp1 = −22.5 kW (−0.3 pu), psp3 = +22.5 kW
(0.3 pu), q∗1 = 0 kvar, v∗2dc = 6802 V, and vdqcf2∗ = vdq∗cf4 =
[400V, 0V ] were used. The loads connected to the VSC2 and
VSC4 were disconnected to test the system under the worst
possible conditions, idql2 = idql4 = 0 A.

V. SMALL-SIGNAL MODEL VERIFICATION

In order to confirm the accuracy of the small-signal
model (39), a simulation model (non-linear) of the multi-
terminal DC system was developed in Matlab/Simulink by
using the SymPowerSystems Toolbox. The small-signal model
and the non-linear model were compared against step changes
of Δpsp1 and Δpsp3 .

Fig. 2 (a) shows the transient response of the small-signal
and the non-linear models to a step change of Δpsp3 =
+15 kW (+0.2 pu). Fig. 2 (b) shows the transient response
both models to a step change of Δpsp3 = +15 kW (+0.2 pu).
The low frequency dynamics are well represented by the
model. The ripple is due to the switching process and it cannot
be predicted by the small-signal model.

VI. STABILITY ANALYSIS

The eigenvalue analysis has been used to evaluate the
stability of the railway system and design the control system
parameters in order to enhance the system robustness. The
closed-loop eigenvalues were used to analyse the impact of
the droop coefficients of VSC1 and VSC3 on the stability of
the railway system.

Fig. 3 (a) and (b) show the trajectories of the system
eigenvalues when Kd1 and Kd3 vary between 0.01 and 1,
respectively. It can be seen that the closed-loop eigenvalues
follow similar trajectories in both cases. This result is coherent
since in this case study, both VSC1 and VSC3 have the same
rated powers, filter parameters, and control gains. Therefore,
both VSCs have the same dynamic properties and they exhibit
the same sensitivity to variations on the droop gains (Kd1 and

io1
io3

vdc

Fig. 4. Transient performance when a step-change of the load consumed at
the railway system from 0 kW to 10 kW is applied.

Kd3). In both cases, when Kd1 and Kd3 increase, some of
the low frequency eigenvalues move away from the unstable
region, increasing their frequency. However, some medium
frequency eigenvalues move into the unstable region. For
Kd1 ≥ 0.7 and Kd3 ≥ 0.7, the medium frequency eigenvalues
cross the imaginary axis and the system becomes unstable.

VII. EXPERIMENTAL RESULTS

Fig. 4 shows the transient response of the experimental
setup to a step change of the power demanded by the railway
system (VSC2) from 0 kW to 10 kW. Initially, there was no
load connected to VSC2 and VSC4. The VSC1 and VSC3
output currents (io1 and io3) were almost zero and they
only consumed active power to compensate for their power
losses. The DC voltage remained close to its nominal value.
Eventually, a 10 kW load is connected to the railway system
(VSC2). At this moment, the VSC2 supplied the active power
demanded by the load and a transient in the DC voltage
occurred. Both VSC1 and VSC3 reacted and consumed energy
from the AC grid and the battery, respectively, to meet the
demand. When the transient ended, the system reached a new
equilibrium point and the power demanded by the load was
equally shared between VSC1 and VSC3.

Fig. 5 (a) and (b) show the transient response of the
experimental setup when Kd1 and Kd3 change from 0.5 to 0.8,
respectively. The system becomes unstable when the droop
gain increases. This result is consistent with the analysis
presented in Section VI.

VIII. CONCLUSION

In this paper, the small-signal modelling of VSCs in multi-
terminal MVDC networks with energy storage systems has
been addressed. The proposed model includes the interactions
between the filters dynamics and the DC-capacitor dynamics,
and the control system dynamics in a single small-signal state-
space model. The stability of the entire multi-terminal MVDC
system was studied by analysing the closed-loop eigenvalues
of the proposed small-signal model. The impact of the droop
gains on the stability of the system was studied and the
theoretical limits their values where provided. The proposed
model and the conclusions obtained from the stability analysis
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Fig. 5. Transient performance of the MVDC system when (a) Kd1 changes from 0.5 to 0.8 and (b) Kd3 changes from 0.5 to 0.8

were experimentally validated by using a laboratory MVDC
test network composed of four converters and a battery system.
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