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Detecting when an implicit equation or a rational
parametrization defines a conical or cylindrical

surface, or a surface of revolution
Juan G. Alcázar and Ron Goldman

Abstract—Given an implicit polynomial equation or a rational parametrization, we develop algorithms to determine whether the set of
real and complex points defined by the equation, i.e. the surface defined by the equation, in the sense of Algebraic Geometry, is a
cylindrical surface, a conical surface, or a surface of revolution. The algorithms are directly applicable to, and formulated in terms of, the
implicit equation or the rational parametrization. When the surface is cylindrical, we show how to compute the direction of its rulings;
when the surface is conical, we show how to compute its vertex; and when the surface is a surface of revolution, we show how to
compute its axis of rotation directly from the defining equations.

equations of a surface, cylindrical surface, conical surface, surface of revolution, shape
recognition.
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1 INTRODUCTION

SUrfaces invariant under either scaling or rotation are
common both in the natural world and in human cre-

ations. Cylindrical surfaces are the surfaces invariant under
scaling in a fixed direction; conical surfaces are the surfaces
invariant under scaling from a fixed point; and surfaces of
revolution are the surfaces invariant under rotation around
a fixed axis. These invariance properties make it easy to
generate these surfaces in a computer graphics package and
then to use these surfaces for industrial design.

However, the information regarding how surfaces are
generated can be lost when geometric data are exchanged
between different solid modeling systems. This problem is
extensively addressed by Elber et al. in the Introduction
to [5], where the authors compare the data file formats
employed by several modeling systems. If the history cor-
responding to the construction of a model is not preserved
when moving from one modeling system to another, some
operations can become much more difficult. Elber et. al
cite two such examples: automatic generation of toolpaths
for NC machining in the case of surfaces of revolution,
and surface-surface intersections. We can identify several
more examples. For instance, if a surface is recognized as
a cylindrical surface, its offset can easily be computed as
another cylindrical surface whose rulings are parallel to the
rulings of the original surface, and whose directrix is the
offset of a normal section of the original surface. Similarly,
the offset of a surface of revolution is also a surface of revo-
lution [14] that can be generated by rotating the offset of the
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directrix curve about the axis of revolution of the original
surface. The symmetries of a cylindrical surface follow from
the symmetries of a section of the surface normal to the
direction of the rulings [2]. Furthermore, the symmetries of a
surface of revolution also follow from the symmetries of the
directrix curve [2]. Therefore, if information on the intrinsic
geometry of an object is lost when transferring the object to
a new modeling system, it is often essential to be able to
recover that information.

Detecting the shape of a surface is also important in the
field of reverse engineering. In reverse engineering the chal-
lenge is to build a physical model, either from a computer
program or from a mathematical model. Identifying charac-
teristic properties of a virtual object is necessary in order to
build an accurate physical model. For this reason, methods
for recognizing surfaces such as planes, spheres, circular
cylinders, circular cones, cylindrical surfaces, conical sur-
faces, ruled surfaces, developable surfaces and surfaces of
revolution have been investigated in a number of papers,
including [3], [6], [8], [11], [13], where the input is a point
cloud, and approximations to these surfaces are detected by
resorting to least-squares techniques.

However, in these papers the input is assumed to be
noisy. In our case, we start with with an exact object,
either a polynomial in the variables x, y, z, or a rational
parametrization x(t, s), therefore defining a surface in the
sense of Algebraic Geometry, i.e. a 3D object consisting of
a real part and a complex part. When we have an implicit
form, the zero set of the polynomial provides all the real
and complex points of the surface. When we have a rational
parametrization, the real and complex points of the surface
are obtained by evaluating x(t, s) for real and complex
values of t, s. We emphasize that the input to our algorithms
is an equation, not just a set of points in space. In particular,
throughout this paper, whenever we speak of surfaces, the
readers should understand that we mean surfaces in the
sense of Algebraic Geometry. In Algebraic Geometry, the
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surfaces we deal with are called algebraic surfaces, since these
surfaces can be defined as the zero set of a polynomial in
x, y, z. When this polynomial is provided, we say that we
know the implicit equation of the surface, or that the surface
is given implicitly. When a rational parametrization is given,
we say that the surface is given in rational form. In this
case, there are algorithms to find the implicit equation of
the surface. However, such algorithms have a certain cost
in terms of computation time, so avoiding the computation
of the implicit form of the surface, and therefore working
directly in rational form, is preferred.

Given such an implicit or rational representation of an al-
gebraic surface, we develop algorithms to determine whether
this surface is cylindrical, conical, or a surface of revolution.
When the surface is cylindrical, we show how to compute the
direction of its rulings; when the surface is conical, we show
how to compute its vertex; and when the surface is a surface of
revolution, we show how to compute its axis of rotation. In the
case of implicit surfaces, the characterizations we provide
for cylindrical surfaces, conical surfaces and surfaces of rev-
olution are polynomial identities in terms of the polynomial
defining the surface and its first derivatives. In the case of
rational surfaces, we get polynomial identities in terms of
the components of the parametrization, and the normal of
the parametrization. In all these cases, the expressions we
derive are quite simple and easy to use in practice, even for
potential users with a minimal background in mathematical
methods.

Similar problems are treated in [5], where the authors
show how to recognize spheres, circular cones, circular
cylinders and surfaces of revolution. Recognizing cylindri-
cal surfaces and surfaces of revolution is also addressed
in [11], [12], and the results in these papers are extended
in [7] to conical surfaces and other types of surfaces not
treated in this paper, like helical surfaces and spiral surfaces.
Recognizing surfaces of revolution is also investigated in
[1], [16] and some aspects regarding the recognition of
cylindrical and conical surfaces are studied in [9]. In Section
4 of this paper, we compare our results with the results in
these papers.

Some of the results we include in this paper are already
known, and we properly acknowledge this prior work in the
places of this paper where this happens. In particular, some
of these results are covered in [7], [11], [12], although for-
mulated in terms of Plücker coordinates and linear complexes
(see also Section 2.3 of the paper). In contrast, in this paper
we only use Plücker coordinates to prove some preliminary
facts about surfaces of revolution, but our results are ulti-
mately formulated in terms of the implicit equation of the
algebraic surface, or the components of the parametrization
of the rational surface, we wish to analyze.

Additionally, although we studied surfaces of revolution
in one of our previous papers [1] the results on surfaces
of revolution in this paper are qualitatively different. Our
previous paper [1] assumes that the surface is given im-
plicitly by a polynomial, and focuses more on deriving
certain algebraic properties of the implicit equation of a
surface of revolution. These algebraic properties are then
exploited to provide an algorithm for computing the axis
of revolution, if any, which in turn allows us to recognize
whether or not an implicitly defined surface is a surface

of revolution. In contrast, the ideas in the current paper
are applicable not only to implicit algebraic surfaces, but
also to surfaces defined by a rational parametrization, and
lead to a much more efficient procedure for recognizing a
surface as a surface of revolution. In the implicit case, we
provide a simple relationship between the first derivatives
of the polynomial defining the surface and the variables on
which the polynomial depends (see Theorem 13) that must
be satisfied by certain parameters in order to guarantee that
the surface is a surface of revolution. In the rational case, we
provide a simple relationship between the parametrization
of the surface and the normal vector of the parametrization
(see Theorem 16) that must also be satisfied by certain pa-
rameters for the surface to be a surface of revolution. These
two conditions lead to linear systems whose consistency is
equivalent to the surface being a surface of revolution.

Recently, recognizing other types of surfaces has also
been addressed. Detecting canal surfaces is considered in
[17]. Moreover, detecting and canonically reparametrizing
rational ruled surfaces is investigated in [15], and similar
questions for translational rational surfaces are explored in
[10].

2 THE IMPLICIT CASE.
In this section we show how to detect algebraic cylindrical
surfaces, conical surfaces and surfaces of revolution given
in implicit algebraic form. Recall that a surface S is algebraic
if it is the zero set of a polynomial p(x, y, z). Furthermore,
p(x, y, z) = 0 is the implicit equation of the surface S. In this
section, we will assume that p(x, y, z) has real coefficients.

Cylindrical and conical surfaces are special cases of ruled
surfaces. A surface is cylindrical if through each point on
the surface there is a straight line on the surface parallel to
a fixed direction; this line is called a generatrix or a ruling
of the surface. A surface is conical if through each point
on the surface there exists a straight line on the surface
passing through a fixed point, the vertex of the surface.
Notice that cylindrical surfaces are invariant under the 1-
parameter group Tv of translations parallel to the direction
v of the surface, and conical surfaces are invariant under the
1-parameter group Np0

of uniform scaling from the vertex
p0 of the surface. Let v = (v1, v2, v3). Then every element of
Tv can be written as Tλ(x, y, z) = (x+λv1, y+λv2, z+λv3),
with λ a (real or complex) constant. Similarly, let p0 =
(x0, y0, z0). Then every element of Np0

can be written as
Tλ(x, y, z) = (x0 +λ(x−x0), y0 +λ(y−y0), z0 +λ(z−z0)).

A surface S is a surface of revolution if there exists a line
A, called the axis of S, such that S is invariant under the 1-
parameter group RA of rotations about A. The elements of
RA are parametrized by the rotation angle θ, or equivalently
by λ, where cos(θ) = 1−λ2

1+λ2 , sin(θ) = 2λ
1+λ2 . The only

cylindrical surfaces that are also surfaces of revolution, are
the unions of circular cylinders with the same axis. Similarly,
the only conical surfaces that are also surfaces of revolution,
are the unions of circular cones with the same axis and same
vertex.

Thus, the surfaces we are interested in are invariant
under a 1-parameter group of transformations Gλ, such that
a generic Tλ ∈ Gλ is: (1) affine; (2) non-singular; and (3)
the components of Tλ are linear mappings in x, y, z whose
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coefficients are rational functions of λ. In particular, Tv,
Np0

or RA are this type. The algebraic surface defined by
p(x, y, z) is invariant under Gλ if for all real or complex points
(x, y, z) such that p(x, y, z) = 0, and for all real or complex
λ where Tλ is well-defined, the zero sets of p(Tλ(x, y, z))
and p(x, y, z) coincide.

Now we want to relate the invariance of an algebraic
surface under Gλ, where Gλ satisfies properties (1), (2), (3)
listed above, with the invariance of the defining implicit
polynomial. A first observation is that since the well-defined
transformations in Gλ are affine and non-singular, these
transformations are invertible, and their inverse is also
affine. Hence these transformations preserve irreducibility,
i.e. if f(x, y, z) is irreducible, then f(Tλi

(x, y, z)) is also
irreducible for any λi. Furthermore, using this fact, one can
prove the following result.

Lemma 1. Let f(x, y, z) be irreducible, and let Tλ be a generic
transformation of Gλ. Then f(Tλ(x, y, z)) = µ(λ) ·q(x, y, z, λ),
where µ(λ) is a rational function, and q is an irreducible poly-
nomial in x, y, z, λ explicitly depending on at least one of the
variables x, y, z.

Proof. Since the coefficients of the components of each
Tλ ∈ Gλ are rational functions in λ, f(Tλ(x, y, z)) =
µ(λ) · q(x, y, z, λ), where µ(λ) is a rational function in λ,
and q is a polynomial explicitly depending on at least one
of the variables x, y, z. Now suppose that there exist q1, q2,
explicitly depending on at least one of the variables x, y, z,
such that q = q1 · q2. Since there are at most finitely many
values λ = λi such that qj(x, y, z, λi) is a constant for
j = 1, 2, we deduce that for almost all λi, q(Tλi

) is reducible.
Therefore f(Tλi

(x, y, z)) is also reducible for almost all λi,
which is a contradiction.

Proposition 2. Let p(x, y, z) be a polynomial with real coef-
ficients. Then the surface S defined by p(x, y, z) is invariant
under Gλ if and only if for a generic transformation Tλ ∈ Gλ, we
have p(Tλ(x, y, z)) = µ̂(λ) · p(x, y, z), where µ̂(λ) is a rational
function of λ.

Proof. The implication (⇐) is straightforward, so let us
prove (⇒). Let p = pr11 · · · p

rk
k , where pi is irreducible

for i = 1, . . . , k, and pi 6= pj for i 6= j. Then p(Tλ) =
pr11 (Tλ) · · · prkk (Tλ). Now notice that since pi is irreducible
as a polynomial in x, y, z, it follows that pi is also irreducible
as a polynomial in x, y, z, λ. Additionally by Lemma 1,
for i = 1, . . . , k we have pi(Tλ) = µi(λ) · qi, where qi
is irreducible as a polynomial in x, y, z, λ and µi(λ) is a
rational function in λ. Since S is invariant under Tλ for
all λ, the zero set (in C4) of the polynomial p̃ = p1 · · · pk
is included in the zero set of q̃ = q1 · · · qk, where both p̃
and q̃ are seen as polynomials in x, y, z, λ. Therefore, by
Study’s Lemma (see Theorem 2.1.4 in [4]) each pj divides
some qi. Since pj , qi are irreducible, pi(Tλ) = µ̂i(λ) · pj .
Suppose that i 6= j, and let λ = λ0 so that Tλ0

is the identity
(for translations and rotations, this happens for λ0 = 0; for
uniform scaling, this happens for λ0 = 1). Then we have
pi(Tλ0

(x, y, z)) = pi(x, y, z) = µ̂i(λ0) · pj(x, y, z). But this
is a contradiction, because pi, pj are different irreducible

factors of p. So i = j, i.e. for each i = 1, . . . , k there exists
µ̂i(λ) such that pi(Tλ) = µ̂i(λ) · pi. Therefore, we have

p(Tλ) = pr11 (Tλ) · · · prkk (Tλ) = µ̂1(λ)r1 · · · µ̂k(λ)rk ·pr11 · · · p
rk
k ,

and calling µ̂(λ) = µ̂1(λ)r1 · · · µ̂k(λ)rk , we get p(Tλ) =
µ̂(λ) · p.

Notice that the fact that all the real components of
p(x, y, z) = 0 are mapped to themselves under a transfor-
mation T does not guarantee that the surface, in the sense
of Algebraic Geometry, defined by p(x, y, z) is invariant
under T ; the complex components must also be mapped
onto themselves. For instance, while the surface defined by
p1(x, y, z) = x2 +y2−1 is certainly cylindrical, because this
surface is invariant under any translation

X = x, Y = y, Z = z + λ,

the surface defined by p2(x, y, z) = (x2 + y2 − 1)(x2 +
y2 + z2 + 1) is not cylindrical, since this surface is not
invariant under these translations. Indeed, when we plug
the above translation into p2(x, y, z) we do not get a scalar
multiple of p2(x, y, z), which is the invariance condition.
Certainly the real part of the surface defined by p2(x, y, z)
is cylindrical, and in fact shares a whole component with
the surface defined by p1(x, y, z). But one cannot consider
the surface defined by p2(x, y, z) a cylindrical surface in
the sense of Algebraic Geometry. Similarly and in the same
sense, (x2 + y2 − z2)(x2 + y2 + z2 + 1) = 0 is not a conical
surface, and (x2 + y2 − 1)(x2 + y4 + 1) = 0 is not a surface
of revolution about the z-axis.

Remark 1. Observe that if p(x, y, z) is irreducible and has at
least one non-singular real point, then the surface p(x, y, z) = 0
is invariant under a certain transformation T (for instance, a
translation or a rotation) if and only if the real part of the surface
is invariant under T . This result is essentially a consequence
of Study’s Lemma as well. Therefore, whenever p(x, y, z) is
irreducible and has one non-singular real point, the algebraic
surface defined by p(x, y, z) is cylindrical, conical, or a surface
of revolution if and only if the set of real points of the surface is
invariant under a translation, under a perspective transformation
from a certain point, or under rotations about a certain line.
Notice that both conditions, i.e. irreducibility and the existence
of a non-singular real point, are necessary. Indeed, as we observed
before, p2(x, y, z) = (x2 + y2 − 1)(x2 + y2 + z2 + 1), which
is reducible, does not define a cylindrical surface in the sense
of Algebraic Geometry, although the real points correspond to a
circular cylinder. Also, p(x, y, z) = x2+2y2, which is irreducible
but whose real part, the z-axis, consists entirely of singular points,
does not define a surface of revolution, although certainly its real
part is invariant under any rotation about the z-axis.

Next we present our main results, which characterize
algebraic cylindrical surfaces, conical surfaces and surfaces
of revolution. The sufficiency of these conditions could be
deduced from the results in [7] and [12], where similar
problems are investigated, and results are given in terms
of Plücker coordinates and linear complexes. However, the
necessity of our results cannot be deduced in a straight-
forward way from the results in [7] and [12]. Additionally,
in the case of cylindrical and conical surfaces we do not
use Plücker coordinates and linear complexes at all. In the
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case of surfaces of revolution, we use Plücker coordinates
and linear complexes only to prove certain preliminary
facts about surfaces of revolution. Nevertheless, in all these
cases, our results are ultimately formulated in terms of the
implicit equation of the surface rather than in terms of linear
complexes.

2.1 Detecting Cylindrical surfaces.
In this subsection we consider cylindrical algebraic surfaces.
Recall that the gradient vector ∇p = ( ∂p∂x ,

∂p
∂y ,

∂p
∂z ) provides

the direction of the line normal to S at each point of S.

Theorem 3. Let p(x, y, z) = 0 define an algebraic surface S.
Then S is cylindrical if and only if there exists a vector v 6= 0
such that

v · ∇p = 0. (1)

Furthermore, all the rulings of S are parallel to v.

Proof. (⇒) Let v be parallel to the rulings of S, and consider
an affine change of coordinates so that the new z-axis is
parallel to v. In this new system of coordinates, the equation
of S must be p̃(x, y) = 0. Therefore,∇p̃·(0, 0, 1) = 0. Hence,
the normal vector to S at every point of S is perpendicular
to the vector (0, 0, 1), which is parallel to the rulings of S.
Inverting the change of coordinates, we deduce that in the
original coordinates, the normal vector to S at every point
of S is perpendicular to the vector v, which is parallel to the
rulings of S. But the normal vector to S is ∇p. (⇐) Since
v · ∇p = 0, the normal line to S at every point of S is
perpendicular to v. Let us apply a change of coordinates so
that the new z-axis is parallel to v, and let p̃(x, y, z) = 0 be
the implicit equation of S in the new system of coordinates.
Since the normal line to S at each point is perpendicular
to v, in the new setting ∇p̃ is perpendicular to (0, 0, 1).
Therefore, p̃z = 0, so p̃(x, y, z) = p̃(x, y). But then S is
cylindrical.

From the computational point of view, for an algebraic
surface S implicitly defined by p(x, y, z) = 0, the condition
v · ∇p = 0 leads to a linear system in the coordinates
a, b, c of v, since the coefficient of each monomial xiyjzk in
v · ∇p must vanish. Hence, the surface S is a cylinder if and
only if this linear system is consistent. Furthermore when
a solution of the system exists, the solution corresponds
to the direction of the rulings of S. Additionally, from the
preceding analysis the following result holds.

Corollary 4. If p(x, y, z) represents a cylindrical surface S and
p(x, y, z) has coefficients in Q, then there exist a, b, c ∈ Q such
that (a, b, c) defines the direction of the rulings of S.

Finally, notice that once the direction of the rulings is
known, one can compute a directrix curve by intersecting
the surface with a plane normal to the direction of the
rulings.

2.2 Detecting conical surfaces.
Let us consider now implicitly defined algebraic conical sur-
faces. Let p(x, y, z) be a polynomial of degree N implicitly
defining a surface S. We shall write

p(x, y, z) = pN (x, y, z) + pN−1(x, y, z) + · · ·+ p0(x, y, z),

where pk(x, y, z) denotes the homogeneous form of
p(x, y, z) of degree k. We will need the following straight-
forward lemma.

Lemma 5. Let {Hk(x, y, z)} be a collection of homogeneous
polynomials of degree k, where k = 0, . . . , n. Then

n∑
k=0

ck ·Hk(x, y, z)

is the zero polynomial if and only if ck = 0 for all k = 0, . . . , n.

We will begin by considering conical surfaces with ver-
tex at the origin.

Theorem 6. Let p(x, y, z) be a polynomial of degree N . The
following statements are equivalent.

(1) p(x, y, z) represents a conical surface with vertex at the
origin.

(2) For every constant s 6= 0, there is a scalar λ(s) 6= 0, not
depending on x, y, z, such that p(sx, sy, sz) = λ(s) ·
p(x, y, z).

(3) p(x, y, z) = pN (x, y, z), i.e. p(x, y, z) is a homogeneous
polynomial of degree N .

(4) For every constant s 6= 0, p(sx, sy, sz) = sN ·p(x, y, z).
(5)

x
∂p

∂x
+ y

∂p

∂y
+ z

∂p

∂z
= N · p(x, y, z).

Proof. (1) ⇒ (2). Let p(x, y, z) represent a cone S with
vertex at the origin. Then for any point (x, y, z) ∈ S,
the line connecting the origin and the point (x, y, z) is
contained in S. Thus for any constant s 6= 0, we have
(x, y, z) ∈ S ⇔ (sx, sy, sz) ∈ S. Therefore, p(x, y, z) =
0 ⇔ p(sx, sy, sz) = 0. Hence, by Proposition 2, there is a
scalar λ(s) 6= 0 such that p(sx, sy, sz) = λ(s) · p(x, y, z).

(2)⇒ (1). Suppose that for every constant s 6= 0, there is
a scalar λ(s) 6= 0 such that p(sx, sy, sz) = λ(s) · p(x, y, z).
Let S be the surface represented by the equation p(x, y, z) =
0. Then for any constant s 6= 0, we have (x, y, z) ∈ S ⇔
(sx, sy, sz) ∈ S. Therefore, the line connecting every point
of S with the origin lies in S. Hence, S is a conical surface
with vertex at the origin.

(2)⇒ (3) Suppose that for every constant s 6= 0, there is
a scalar λ(s) 6= 0 such that

p(sx, sy, sz) = λ(s) · p(x, y, z). (2)

Since each term pk(x, y, z) is a homogeneous polynomial of
degree k, we have

p(sx, sy, sz) =
N∑
k=0

skpk(x, y, z). (3)

From (2) and (3), we get

N∑
k=0

(sk − λ(s))pk(x, y, z) ≡ 0.

Since by assumption pN (x, y, z) is not identically zero,
by Lemma 5 λ(s) = sN and pk(x, y, z) ≡ 0 for k =
0, 1, . . . , N − 1.

(3)⇒ (4) Obvious.
(4)⇒ (2) Obvious.
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(3)⇒ (5) The equation in statement (5) is Euler’s identity
for homogeneous polynomials (see Theorem 10.2, page 27 of
[18]).

(5)⇒ (3) Suppose that

x
∂p

∂x
+ y

∂p

∂y
+ z

∂p

∂z
= N · p(x, y, z).

By Euler’s identity for homogeneous polynomials, we have

x
∂pk
∂x

+ y
∂pk
∂y

+ z
∂pk
∂z

= k · pk(x, y, z)

for each homogeneous form pk. Summing these equations
over k, and then equating the result with the previous
expression for x ∂p∂x + y ∂p∂y + z ∂p∂z yields

N∑
k=0

(k −N)pk(x, y, z) ≡ 0

Since by assumption pN (x, y, z) is not identically zero,
it follows from Lemma 5 that pk(x, y, z) ≡ 0 for k =
0, . . . , N − 1.

Now we can move to conical surfaces with vertex at a
point P = (x0, y0, z0), not necessarily the origin.

Theorem 7. Let p(x, y, z) be a polynomial of degree N . Then the
following statements are equivalent:

(1) p(x, y, z) represents a conical surface with vertex at
(x0, y0, z0).

(2) p(x− x0, y − y0, z − z0) is a homogeneous polynomial.
(3) p(x− x0, y − y0, z − z0) = pN (x, y, z).

Proof. (1) ⇔ (2) follows from Theorem 6, and (2) ⇔ (3)
follows because pN (x, y, z) is invariant under translation.

Theorem 8. Let p(x, y, z) be a polynomial of degree N . Then
p(x, y, z) represents a conical surface with vertex at (x0, y0, z0)
if and only if:

(x−x0)
∂p

∂x
+ (y− y0)

∂p

∂y
+ (z− z0)

∂p

∂z
= N · p(x, y, z). (4)

Proof. This theorem follows from Theorem 6 by translating
the vertex from the origin to (x0, y0, z0).

Computationally, Equation (4) provides an efficient con-
dition to check if an algebraic surface is a cone, and to find
the vertex when the surface is a cone. One just needs to find
a solution (x0, y0, z0) of the linear system generated by this
equality. Additionally, the following result holds.

Corollary 9. If p(x, y, z) represents a cone S and p(x, y, z) has
coefficients in Q, then the coordinates of the vertex of S also belong
to Q.

Proof. If p(x, y, z) has rational coefficients, the partial
derivatives ∂p

∂x , ∂p∂y , ∂p∂z also have rational coefficients. There-
fore the linear system (in x0, y0, z0) corresponding to Equa-
tion (4) has coefficients in Q. By applying Cramer’s rule, if
this system is consistent, the solutions x0, y0, z0 are rational
numbers.

2.3 Detecting surfaces of revolution.
In this subsection we investigate algebraic surfaces of rev-
olution. In order to do so, we recall Plücker coordinates [11].
Plücker coordinates provide an alternative way to represent
straight lines. A line L ⊂ R3 is completely determined when
we know a point P ∈ L and a vector w parallel to L.
Therefore we often write L = (P,w). Now let w̄ = P ×w,
where P here denotes the vector connecting the point P
with the origin of the coordinate system. Then the Plücker
coordinates of L are the coordinates of (w̄,w) ∈ R6. Notice
that by construction w̄ ·w = 0.

Plücker coordinates are unique up to multiplication by
a constant. Moreover w̄ is independent of the choice of the
point P ∈ L, since if Q ∈ L, then (Q − P ) × w = 0.
Furthermore, given the Plücker coordinates (w̄,w) of L, we
can recover a point P on L from the relationship

P ×w = w̄, (5)

by writing P = (x, y, z) and solving the linear system (5)
for x, y, z.

Let (β, α) be the Plücker coordinates for a line in R3, and
consider all the lines (w̄,w), written in Plücker coordinates,
such that

α · w̄ + β ·w = 0. (6)

This equation (see [11], [16]) expresses the condition that
the line (β, α) intersects the line (w̄,w). Equation (6) corre-
sponds to a hyperplane of R6, which in [11] is called a linear
complex. We say that the hyperplane is nontrivial if either
α 6= 0 or β 6= 0.

Now we have the following result from [11] concerning
nontrivial hyperplanes and the normal lines to cylindrical
surfaces, surfaces of revolution, and helical surfaces. Recall
that a surface is helical if it is invariant under a screw motion,
i.e. the composition of a rotation about a line A, and a
translation parallel to A. It is easy to see [2] that a helical
algebraic surface must be cylindrical.

Theorem 10. (1) The normal lines of a C1 surface S lie
in a nontrivial hyperplane (6) if and only if the surface
is contained in either a cylindrical surface, a surface of
revolution, or a helical surface.

(2) If S is a C1 surface and the normal lines of S lie in a
nontrivial hyperplane (6), then:

– If α = 0 but β 6= 0 then S is contained in a
cylindrical surface whose rulings are parallel to β.

– If α 6= 0 and α · β = 0 then S is a surface of
revolution about an axis A. Expressed in Plücker
coordinates, A = (β, α).

– If α 6= 0 and α · β 6= 0 then S is contained in a
non-cylindrical, helical surface.

Observe that Theorem 10 requires only that S is a C1 sur-
face. Notice that every algebraic surface implicitly defined
is C1 except at singular points, i.e. points where ∇p vanish.

Since the gradient vector ∇p provides the direction of
the line normal to the algebraic surface S implicitly defined
by p(x, y, z) = 0, the normal line to S at each point P =
(x, y, z) ∈ S, written in Plücker coordinates, is

n = (P ×∇p,∇p) =

=
(
y ∂p∂z − z

∂p
∂y ,−x

∂p
∂z + z ∂p∂x , x

∂p
∂y − y

∂p
∂x ,

∂p
∂x ,

∂p
∂y ,

∂p
∂z

)
.

(7)
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Plücker coordinates are also used in [16] to detect al-
gebraic surfaces of revolution. The following observation,
which essentially corresponds to Theorem 2.4 in [16], is
crucial.

Theorem 11. The surface p(x, y, z) = 0 is a surface of revolu-
tion if and only if p(x, y, z) = k defines a surface of revolution
for all k ∈ R. Furthermore, the axis of revolution is the same for
all k ∈ R.

Theorem 11 leads to the following corollary. Here we
denote the surface defined by p̂(x, y, z, k) = p(x, y, z)−k =
0 by Sk, k ∈ R.

Corollary 12. The surface p(x, y, z) = 0 is a surface of revolu-
tion if and only if all the normals of the surfaces {Sk}k∈R belong
to a same hyperplane (6).

Proof. By Theorem 11, p(x, y, z) = 0 is a surface of revolu-
tion if and only if all the Sk are surfaces of revolution with
the same axis, which is also the axis of S. By Theorem 10,
the normals of each Sk belong to a hyperplane (6). However,
this hyperplane is completely defined by the Plücker coordi-
nates of the axis of revolution, which, according to Theorem
10, are (β, α). Since this axis of revolution is the same for all
the Sk, the result follows.

Fig. 1: Illustrating Corollary 12.

Fig. 1 illustrates Corollary 12. Here we show the
paraboloids z = x2 +y2, z = x2 +y2 +1, z = x2 +y2 +2, all
of which are surfaces of revolution about the z-axis (plotted
as a blue dashed line). We also show (as black lines) some
normal lines to these paraboloids. One can see that all these
lines are normal to all the paraboloids. Furthermore, all
these lines intersect the axis of revolution. Hence, all of these
lines belong to the same hyperplane (6).

Now we have the following very simple characterization
of surfaces of revolution.

Theorem 13. Let p(x, y, z) be a polynomial, and let P =
(x, y, z). Then p(x, y, z) = 0 defines a surface of revolution S if
and only if there exist α = (α1, α2, α3) and β = (β1, β2, β3)
such that α 6= 0, α · β = 0, and

α · (P ×∇p) + β · ∇p =

α1(y ∂p∂z − z
∂p
∂y ) + α2(−x∂p∂z + z ∂p∂x ) + α3(x ∂p∂y − y

∂p
∂x )

+β1
∂p
∂x + β2

∂p
∂y + β3

∂p
∂z = 0

(8)
Furthermore, the axis of revolution A of S written in Plücker
coordinates is A = (β, α).

Proof. (⇒) If p(x, y, z) = 0 defines a surface of revolution,
then by Theorem 10 the set of normal lines to S belongs to

a linear complex with α 6= 0 and α · β = 0. Furthermore
by Theorem 10, the axis of revolution A of S is given by
A = (β, α). In addition, since the Plücker coordinates of a
generic normal line are given by (7), the polynomial on the
left hand-side of (8) vanishes at every point of S. Moreover,
by Corollary 12 the polynomial on the left hand-side of (8)
vanishes at every point of Sk for every value of k. Hence,
the polynomial in Equation 8 vanishes everywhere, since
each point (x, y, z) ∈ R3 lies on Sk for some value of k. (⇐)
This result follows directly from Theorem 10, taking (7) into
account.

Computationally, (8) leads to a linear system from which
the Plücker coordinates of the axis of revolution can be
computed.

Example 1. Let S be the surface defined by p(x, y, z) = z4 +
z3 + x2 + y2 + z − 1. Consider the polynomial

α1 · (y ∂p∂z − z
∂p
∂y ) + α2 · (−x∂p∂z + z ∂p∂x ) + α3 · (x ∂p∂y − y

∂p
∂x )

+β1 · ∂p∂x + β2 · ∂p∂y + β3 · ∂p∂z = −4α2xz
3 − 3α2xz

2 + 2α2xz

+(−α2 + 2β1)x+ 4α1yz
3 + 3α1yz

2 − 2α1yz + (α1 + 2β2)y
+4β3z

3 + 3β3z
2 + β3

By setting to zero the coefficients of each monomial in this
polynomial, we get a linear system that yields the solution

α1 = α2 = β1 = β2 = β3 = 0

Hence, a solution is given by α = (0, 0, γ), β = 0. Since α 6= 0
and α · β = 0, we deduce from Theorem 10 that S is a surface of
revolution, and the axis of revolution is the z-axis.

3 THE RATIONAL CASE.
In this section we characterize when a rational parametriza-
tion

x(t, s) = (x(t, s), y(t, s), z(t, s)).

represents a cylindrical surface, a conical surface, or a sur-
face of revolution. We will represent the partial derivatives
of x(t, s) with respect to the parameters t, s as xt and xs.
Furthermore, we recall that whenever xt × xs 6= 0, the
normal vector N to S at each point can be computed as

N = N(t, s) =
xt × xs
‖xt × xs‖

.

Whenever necessary we will denote the implicit equation of
S by p(x, y, z).

Now we begin with cylindrical surfaces. The following
result follows in a straightforward way from Theorem 3.

Theorem 14. The surface S rationally parametrized by x(t, s)
is cylindrical if and only if there exists a constant vector v 6= 0
such that

v ·N = 0. (9)

The vector v in Theorem 14 gives the direction of
the rulings of the cylindrical surface. Furthermore, from a
computational point of view, for a rational parametrization
x(t, s) the condition v ·N = 0 provides a linear system in
the coordinates of v, whose consistency is equivalent to S
being a cylindrical surface.

Now let us consider conical surfaces.
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Theorem 15. The surface S rationally parametrized by x(t, s)
is conical if and only if there exists a point P0 = (x0, y0, z0) such
that

(x− P0) ·N = 0. (10)

Furthermore, P0 is the vertex of the conical surface.

Proof. (⇒) If S is conical then from Theorem 8 P0 =
(x0, y0, z0) satisfies Eq. (4). Since N and ∇p are parallel at
the points of S, substituting the components of x(t, s) for
x, y, z in Eq. (4) we get that (x − P0) ·N is proportional to
p(x(t, s)). Since x(t, s) parametrizes S, p(x(t, s)) = 0 and
(10) holds.

(⇐) If (10) holds, then since N and ∇p are parallel at
the points of S we have that the dot product of (x− x0, y −
y0, z−z0) and∇p vanishes at the points of S. However, from
Euler’s identity it follows that the degree of this dot product
is equal to the degree of p. Therefore, this dot product is the
result of multiplying p by a constant. But then the result
follows from Theorem 6 and Theorem 8.

Again, from a computational point of view the condition
(x − P0) · N = 0 gives rise to a linear system in the
coordinates of P0, whose consistency is equivalent to S
being a cone.

Now let us address surfaces of revolution.

Theorem 16. The surface S rationally parametrized by x(t, s)
is a surface of revolution if and only if there exist two constant
vectors α, β, where α 6= 0 and α · β = 0, such that

α · (x×N) + β ·N = 0. (11)

Furthermore, the axis of revolution A of S is the line written in
Plücker coordinates as A = (β, α).

Proof. (⇒) If S is a surface of revolution then from Theorem
13 there exist two constant vectors α, β such that α 6= 0,
α · β = 0 and (8) holds. In particular, this equation holds for
all the points of S. Since ∇p and N are parallel at the points
of S, (11) follows.

(⇐) This condition implies that the normals to S belong
to a linear complex. Since α 6= 0 and α · β = 0, we conclude
from Theorem 10 that S is a surface of revolution.

Again, Equation (11) provides a linear system in the co-
ordinates of α, β. Whenever this linear system has a solution
with α 6= 0, α · β = 0 then S is a surface of revolution, and
the axis of revolution can be found by solving a system of
linear equations.

We conclude the section with two corollaries, where we
provide conditions for detecting rational circular cylinders,
and rational circular cones. The circular cylinders are cylin-
drical surfaces of revolution, while the circular cones are
conical surfaces of revolution. Note that circular cylinders
and circular cones are easy to detect in implicit form. Indeed,
circular cylinders and circular cones are special types of
quadrics, and any quadric given implicitly can be classified
by studying the symmetric 4× 4 matrix associated with the
implicit equation of the quadric. However, when circular
cylinders and circular cones are presented in rational form,
it is not so obvious how to detect them. Alternative con-
ditions to identify circular cylinders and circular cones in
parametric form can be found in [5].

Corollary 17. The surface S rationally parametrized by x(t, s)
is a circular cylinder if and only if there exist a constant vector
v 6= 0 satisfying Eq. (9), and two constant vectors α, β, where
α 6= 0 and α · β = 0, satisfying Eq. (11).

Corollary 18. The surface S rationally parametrized by x(t, s) is
a circular cone if and only if there exist a point P0 = (x0, y0, z0)
satisfying Eq. (10), and two constant vectors α, β, where α 6= 0
and α · β = 0, satisfying Eq. (11).

We can speed up the computation of the vector v in
Theorem 14, the point P0 in Theorem 15, or the vectors α, β
in Theorem 16 by randomly picking at least three points
(ti, si) ∈ Q2, in the case of Theorem 14 and Theorem 15,
or at least six points (ti, si) ∈ Q2, in the case of Theorem
16, and then plugging these values into Eq. (9), Eq. (10),
Eq. (11). By proceeding this way, we get linear systems
for v, P0 or α, β. Then we can substitute v, P0 or α, β in
Eq. (9), Eq. (10), Eq. (11) to check if Eq. (9), Eq. (10), Eq.
(11) hold identically. This procedure has the advantage of
needing fewer symbolic operations. Additionally, by pro-
ceeding this way we can also solve the problem of checking
whether or not an algebraic surface defined by a non-
rational parametrization1 is cylindrical, conical or a surface
of revolution, since the proofs of Theorem 14, Theorem 15
and Theorem 16 do not really need the parametrization to
be rational. The difference, in the non-rational setting, is that
symbolic computations to directly extract a linear system
from Eq. (9), Eq. (10), Eq. (11) are certainly more complicated
and difficult to implement.

4 COMPARISON WITH OTHER APPROACHES.
In this section we compare our results with the results in [5],
[9], [7], [12], [1] and [16], where similar problems to ours, or
somehow connected to ours, are addressed.

We begin with [5]. This paper investigates methods for
recognizing several types of surfaces given in rational form.
In particular, the authors show how to recognize circular
cylinders and circular cones by using the mean evolute sur-
face, defined as

E(t, s) = x(t, s) +
N(t, s)

2H(t, s)
,

where H(t, s) is the mean curvature of x(t, s); recall that
H(t, s) involves second order derivatives of x(t, s). The
authors prove that x(t, s) defines a circular cylinder or a
circular cone if and only if E(t, s) degenerates into a line.
This condition can be used efficiently, and is fast to compute.
Nevertheless, the conditions in Corollary 17 and Corollary
18 of this paper are even faster. This is to be expected, since
the conditions in Corollary 17 and Corollary 18 involve only
first order derivatives of x(t, s), and lead to linear systems,
which can be rapidly solved.

For instance, consider the circular cone parametrized by:

x(t, s) =

(
8st+ 9t2 − 10t+ 5

9t2 − 12t+ 5
,

36st2 − 32st+ 4s+ 4t− 4

9t2 − 12t+ 5
,

−36st2 − 64st− 9t2 + 28s+ 8t− 3

9t2 − 12t+ 5

)
.

1. For instance, a parametrization with radical functions, or trigono-
metric functions.
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Using the computer algebra system Maple 18, running on
a personal computer revving up to 2.90 GHz, with 8 Gb of
RAM, one can check that E(t, s) degenerates into the line
parametrized as(

16

3
s+

7

3
,

8

3
s− 1

3
,−16

3
s+

2

3

)
in 0.156 seconds. After this computation, one still has to
check if x(t, s) defines a cylinder or a cone, and, in the
second case, find the vertex of the cone. In contrast, the
conditions in Corollary 18 can be used to show that x(t, s)
defines a circular cone with vertex P0 = (1,−1, 2) in 0.016
seconds. The difference between these two approaches can
be more dramatic when the parametrization defining the
surface has suffered some reparametrization, since in that
case recognizing that E(t, s) degenerates into a line can be
more complicated.

Surfaces of revolution are also treated in [5]. The authors
prove that if x(t, s) defines a surface of revolution, then
another surface F(t, s) constructed from the origin surface,
called the pseudo-focal surface in the t-isoparametric direction,
degenerates into a line, which is the axis of revolution of the
surface. The axis of revolution of the surface is extracted by
exploiting a least squares fit of a line to F(t, s). However,
this property is not proved to be sufficient, so in general if
the condition holds, one still needs to check that the surface
is really a surface of revolution. Furthermore, in general,
computing the pseudo-focal surface of an implicit surface
is cumbersome. Therefore the idea cannot be efficiently
generalized to the implicit setting.

In [9] the authors treat a different problem, namely
recognizing and (re)parametrizing rational developable sur-
faces. However, the problem of identifying cylindrical and
conical surfaces, both in implicit and in rational form, also
comes up in this paper. First, the results in [9] require
recognizing that the surface is developable. This is done by
checking whether certain determinants depending on some
derivatives of the polynomial implicitly defining the surface
(see Theorem 3.1 in [9]) or the parametrization of the surface
(see Theorem 4.1 in [9]) are identically zero. Once the surface
has been identified as developable, algorithms for detecting
whether the surface is cylindrical or conical are provided. In
the case of cylindrical surfaces, the idea in Theorem 3 or The-
orem 14 is used, but under the assumption that the surface
is developable. Conical surfaces are detected by analyzing
certain polynomial systems, which leads to an algorithm
more complicated than ours. Surfaces of revolution are not
considered.

In [12] recognizing several types of surfaces using
Plücker coordinates and linear complexes is considered; the
main results in [12] are summarized in Theorem 10 of this
paper. The paper [7] extends the results of [12] to conical
surfaces, helical surfaces and spiral surfaces. The results
in both [12] and [7] are formulated in terms of Plücker
coordinates and linear complexes: essentially, the idea is
that the normals of cylindrical surfaces, conical surfaces,
surfaces of revolution, helical surfaces and spiral surfaces
always belong to a linear complex. Furthermore, the type of
the equation of the linear complex determines the nature of
the surface. From a practical point of view, one can find
these linear complexes by computing the normals of the

surface at several points. The minimum number of points
depends on the number of parameters on which the linear
complex depends. In general, we need at least the normals
at 7 different points. In the rational case this approach is
very efficient, since we can just pick rational pairs of the
parameters of the surface. In the implicit case, however,
this approach is less efficient, since computing points with
rational coordinates on an implicit surface is difficult. This
disadvantage is overcome in [7] by working in a floating-
point environment, and using least squares methods. This
difficulty, however, is absent in our methods, since we do
not need to compute any point on the surface. In contrast,
we work directly with the implicit equation of the surface,
or with the parametrization of the surface, in the rational
setting.

Surfaces of revolution are also addressed in [1] and [16].
In both papers, the surface is assumed to be given in implicit
form, and the rational setting is not investigated. Neverthe-
less, the algorithm in [16] could also be adapted to the ra-
tional case. In [1] the results are more focused on exploiting
the information provided by the form of highest degree of
the implicit equation, and on describing the structure and
properties of this form, and its relationship with the axis of
revolution of the surface. Although [1] gives some necessary
conditions for an implicit equation to represent a surface
of revolution, a complete characterization is not provided;
however, an algorithm is provided for computing the axis
of revolution, when the surface is known to be a surface of
revolution. This algorithm has advantages in certain cases,
but the authors (see Section 4 of [1]) acknowledge that in a
generic case, the algorithm provided in [16] is more efficient.

The approach in [16] is quite similar to the approach of
[12] and [7]. The authors of [16] also use Plücker coordinates,
and the main idea of [16] is, as in [12] and [7], to determine
the linear complex containing the normals of the surface
by solving a linear system. However, instead of picking
points on the surface to be analyzed, the authors in [16]
show that one can pick points Pi on surfaces p(x, y, z) = ki,
where p(x, y, z) is the implicit equation of the surface to
be analyzed and ki is any real number. Since there is total
freedom to choose ki, we can use any point Pi; in particular
we can always choose points Pi with rational coordinates,
thereby making the method exact and efficient. For each
Pi, the Plücker coordinates (w̄i,wi) of the normal line Li
to the surface p(x, y, z) = ki are computed. If the surface
is a surface of revolution, each (w̄i,wi) satisfies Eq. (6).
Proceeding in this way, a linear system in the Plücker
coordinates of the axis of revolution is generated.

Our method is certainly inspired in the ideas of [16]. We
make use of these ideas to directly provide a condition for
an algebraic surface to be a surface of revolution in terms of
the implicit equation, or the parametrization of the surface.
In particular, we do not need to find points Pi or carry out
computations with the coordinates of these points: we reach
a linear system directly from the implicit equation of the
surface, or the rational parametrization of the surface, as one
can see in Theorem 13 and Theorem 16. These two theorems
shed extra light on the properties that a polynomial must
satisfy to be the implicit equation of a surface of revolution,
or the properties that a rational parametrization must have
to correspond to a rational surface of revolution. Certainly
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the ideas in [16] are at the core of Theorem 13 and Theorem
16. But, as one can see from the proofs of these theorems,
some elaboration is required.

The timings provided by the methods in this paper are
generally better than those in [1], but not better than those
in [16], although often comparable. Additionally, both the
methods in this paper and the method in [16] are more
efficient than the method in [5].

Summarizing, our contribution in the case of surfaces of
revolution is more theoretical than practical. In particular,
we provide a characterization of surfaces of revolution
directly in terms of the implicit equation, in the case of
implicit surfaces, and in terms of the components of the
parametrization and the components of the normal vector
of the parametrization, in the case of rational surfaces.

5 CONCLUSIONS AND FURTHER WORK.
A polynomial equation or a rational parametrization define
a surface in the sense of Algebraic Geometry, i.e. a 3D
object consisting of a real and a complex part. Given such
an equation, we have presented algorithms that allow us
to check, in a very simple and efficient way, if the surface
defined by the equation is cylindrical, conical, or a surface
of revolution. In practice, all our results lead to linear
systems, whose consistency is equivalent to the surface
being cylindrical, conical, or a surface of revolution. All
these results can also be understood as characterizations
for the implicit polynomials and rational parametrizations
defining cylindrical surfaces, conical surfaces or surfaces of
revolution. Additionally, we also provide fast tests to check
whether a given rational surface is a circular cylinder or a
circular cone.

Circular cylinders and circular cones are special cases
of quadrics. Any quadric surface can be parametrized by
a rational quadratic parametrization, i.e. a parametrization
x(t, s) where the numerators and denominators of the coor-
dinate functions x(t, s), y(t, s) and z(t, s) are polynomials of
degree two in t, s. However, apparently no direct algorithm
is known for finding the type of quadric corresponding
to a given rational quadratic parametrization without con-
verting to implicit form. Certainly, our results can be ap-
plied to recognize cylindrical quadrics and conical quadrics.
But our results cannot be applied to recognize ellipsoids,
paraboloids, hyperboloids of one sheet or hyperboloids of
two sheets. Hence, identifying the type of a quadric given
in rational form, and computing the main features of the
quadric (center, if any, symmetries, axes) is another inter-
esting open question that we would like to address in the
future.
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[9] Pérez-Dı́az S., Shen L.Y. (2015), Determination and
(re)parametrization of rational developable surfaces, Journal of
Systems Science and Complexity, DOI: 10.1007/s11424-015-3119-z,
pp. 1-14.
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